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Introduction

As the title suggests, this guide is meant to be used in a workshop setting, where
participants can work together and a workshop leader can give demonstrations, lead
discussions, and answer questions. To learn to use Fathom Dynamic Data™ Software
outside a workshop setting, try the Learning Guide that comes with Fathom or the
Walkthrough Guide that comes with the Instructor’s Evaluation Edition.

To the Workshop Participant

Welcome to Fathom and the world of Dynamic Data. The tutorials in this guide, which
begin on page 12, will introduce you to the most important features of Fathom.

As you work through the tutorials, you will encounter watch icons, such as the one
at right. These indicate a good place to pause. Your workshop leader is likely to ask
that when you reach these watch icons, you stop working and reflect on what you
have learned so far. When most people in your workshop have reached the watch
icon, your workshop leader will probably have everyone pause for a group discussion
or for the workshop leader to do a brief demo.

At the end of the workshop, take this booklet and the Fathom Instructor’s Evaluation
CD with you to explore and evaluate Fathom in more detail. But remember that the
Instructor’s Evaluation CD and the Workshop Guide are for evaluation purposes only
and are not for classroom or other extended use. As you become comfortable using
Fathom, we encourage you to help others by leading workshops yourself.

If you are waiting for the workshop to begin, please read The Structure of Fathom,
beginning on page 3.

To the Presenter

We have found that a successful and simple workshop format for Fathom involves
little more than turning participants loose to work in pairs with the activities and
tutorials in this guide. (If you prefer that participants work individually, have them
identify partners they can consult with when they have problems.) It is also extremely
useful to have a computer that can project to a screen or large monitor so that every-
one can see what you do.

The watch icons interspersed throughout the tutorials indicate reasonable pausing
places where you can ask everyone to stop work for a moment so you can answer
questions about the preceding section or do a brief demonstration. It’s especially
useful to have one or more participants come in front of the entire group to show
something they have found.

Fathom Workshop Guide © 2014 William Finzer



Introduction

In the later tutorials, as participants have become more independent, you may want
to skip watch icons or eliminate their use altogether.

Key Curriculum Press gives copy permission to any presenter who wants to give this
Workshop Guide to workshop participants. Key Curriculum Press also gives
permission to install multiple copies of the Fathom Instructor’s Evaluation Edition
or a single network server copy for the purposes of giving a workshop.

You may want to complete the following checklist before the workshop.

+ Is the most recent version of Fathom installed? This guide assumes that you have
Fathom 2, but it’s helpful to make sure you have the most recent maintenance
update. Look on the Fathom Resource Center to make sure. (Choose Fathom
Resource Center from the Help menu.)

+ Does Fathom Help work properly? Because Fathom Help opens in your Web
browser, this is worth checking. Does Help launch from the Help menu? Do the
movies play, and is there sound?

* Are the computers properly connected to the Internet? In particular, does the
census microdata interface work? If not, then you’ll need to work around this in
Tutorial 1 (page 12). You can have participants use one of the Sample Documents
in the folder Social Science | United States | US Census Files or download data yourself
before the workshop. You can also use the file Workshop Census.ftm posted with the
Workshop Guide on the Fathom Resource Center.

About the Instructor’s Evaluation Edition

The Fathom Instructor’s Evaluation Edition has all the features of the full version,
with a few important exceptions. You can open documents, import or enter data, do
investigations, and use all the features of the full version, but you cannot save any
documents you create, export data you generate, copy pictures of Fathom objects to
paste into another application, or print your work.

The full version allows you to do all these things and also comes with additional
resources:

* The Learning Guide contains a much more complete introduction to Fathom’s
features.

* Teaching Mathematics with Fathom contains 25 classroom-ready activities in
blackline-master form.

* Data Are Everywhere: Project Ideas for Fathom contains more than 50 projects
ready to hand to students.

2 © 2014 William Finzer
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The Structure of Fathom

Some people want to know what the designers think about the structure of a
program. If that’s you, this section is what you want. Others like to figure out a
program by using it. That’s a good way, too. But even if you seldom read manuals,
you may want to read this section for background.

The Fathom Document Window

Mouse pointer Case table with Text object
retta'cl’oy :0 drag units row showing
attribute

Object shelf @ CoLLples ftrm \

Collection  Table Graph Summa! Estlmate Test Mocdel Slicer Tex‘t {
The origin of thege data
HusbandzAnditives \ These data are taken from the OPCS Study of the

. A ="= Age_Hu... Ht_Hué“Tv'.. Age_Wife I‘t_Wife heights and weights of the adult populstion of Grest
Collection —— 0 - 2 | | Britsin in 1980, They represent & randam sample of
HushandsAndwives | NS | years | millineters | years ) mBMEters | teeg hondred married men snd their wives. The five

1 49 1809 rin 43 1590 i variables are husband's age (vears), hushand's
¥ L height (mrmj, wite's age (years), wife's height (mm)
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2
Taken from A Handbook of Small Data Sets, edited
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| Hughandsandives Histogram :I
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(Scatter plot) E 1400 L] " ) Inspect Graph of Husb...

1550 1600 1650 1700 1750 1800 1550 1900 19en | Cases |Rroperties)
Ht_Husband (illmeters) Property Value |
— ®Ht \"ife = 1104 mm + 0.280H_Hushand, r< = 0.11 indli 1550
— WHt e = 943 wm + 0 377HE_Hushand; 12 =015 i DL

Duration binWidth |25
e==2 ==20 xlower |1525
Status bar - *Upper  |1331.14 [x
\ Cases: 199 Selected: 0 Atiributes: 8 Selected: 0 Hidden: 0 yan‘er ’ T4k ;
Inspector
A Fathom document lives in a window and contains objects. There are several HusbandsAndWives |Rerandomize
different kinds of objects, led by the collection (which holds the data). The 0 0 0
collection looks like a rectangle with gold balls in it or, if you make it small, 4y 2y 40y
a box of gold balls. @ © 0
32y 43y 42y
]

Graphs, tables, and statistical tests are objects, too. But they do not contain data. : —
A collection showing its

They simply provide ways of looking at or altering data. (Deleting a graph or cases
table leaves your data intact; deleting the collection deletes your data.) Sliders
are objects that control variable parameters, such as the coefficient of a function r;'
or a probability in a simulation. Dice
A collection made small
Text resides in objects, too. Text objects allow you to add explanatory notes. (iconified)
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The Structure of Fathom

When you first use Fathom, collections are boring and may even appear unnecessary.
Why can’t the data just live in a table, like in a spreadsheet? The answer is deep. One way
to look at it is that Fathom lets you distinguish between the way things are and the way
they look. A table is just one representation of the data, and the designers didn’t want to
give it the privileged position of being the data’s “native” appearance. Another reason
for the existence of collections is that it makes some more advanced data manipulation,
such as sampling, easier to think about. You sample from among the gold balls in the
collection—and the sampled cases appear as balls in another collection.

Cases and Attributes

Each gold ball is a case. A case has attributes, and attributes have values. If the values
are all numeric, then the attribute is a numeric (continuous or measurement)
attribute; if the values are text, it’s a categorical attribute. If your cases are people,
height and age are numeric; sex and race are categorical.

Whether an attribute is numeric or categorical determines many things, including
the kinds of graphs you can make to represent it.

Units

Numeric attributes may or may not have units. If an attribute has a unit, such as
meters, you can enter values using any distance unit, from millimeters to light years,
and they will be converted to meters. You can change the units of an attribute to a
different commensurate unit, and all its values will display with the new unit. But if
you change the unit to something incommensurate—such as meters to years—all
the values will become invalid.

Numeric values without units are just numbers. Numeric values with units are
quantities and are profoundly different from numbers. For example, 2 + 2 = 4, but
2 meters + 2 feet = 2.6096 meters. Using units with your data can really help you
understand what the data mean, but the presence of units also makes Fathom a lot
pickier. For example, you can’t graph two attributes on the same axis if their units
are incommensurate.

Among the units that Fathom recognizes are some important constants that you can
use as units, such as Earth masses (1 Earth mass = 5.9742 X 102 kg) or electron
charges (1 electron charge = 1.602176462 X 107'° coulomb).

4 © 2014 William Finzer
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The Structure of Fathom

Category Sets
Categorical attributes can’t have units, but they can have category sets assigned Peogle (Bar crent13)
. . hlug
to them. A category set defines the valid values that such an attribute can have. ]
o reeh
The bar chart at right, for example, shows that the valid values of EyeColor are - B —p
“blue”, “brown”, “green”, and “hazel”. The bar chart leaves a place for “green” even Y eyt
. . . EyeColor
though there are no people with that eye color in the collection. The bar chart sount( )
also lumps all the values that are not in the category set into a single “<invalid>”
group. Using category sets can be very helpful, and sometimes absolutely necessary,
but you can go a long way in Fathom without them.
The Inspector
_ch 1 1 1 B Inspect Dice
When you double-click a collection, its inspector appears as a separate T
window floating above the document. The inspector shows you the Attribute | Value Formuta

. . . face 5| randornPick (1, 2,3, 4,5, 6)
names and values of the attributes, one case at a time. You may edit the p—

values in the inspector. You can also use the inspector to add measures
(more on this later) and comments to the collection, change how the Einz
cases look, and control advanced functions, such as sampling.

Some other objects, particularly graphs and sliders, have inspectors as well.
Only one inspector window appears on your screen at a time.

If you're typing a lot of data into Fathom, the inspector is not the most con-
venient place for it; you’ll want to use a case table instead.

Case Tables

The case table presents the familiar tabular view of data. Each case Eemens —— o Tvamoar] sae
appears as a row; each attribute as a column. In a case table, you can 1_|Actinium _|Ac 89 solid
enter and edit data quickly and add new attributes. You can also rename ; 2’;:,'::“ /:n ;Z Z:I::able
attributes, move columns by dragging them, resize columns by : :;‘;“:"Y & s ::';d
dragging or double-clicking their borders, sort the data, and hide 6 |Arsenic |As 33| solid
attributes to make the table less crowded. Although you can change e o
data through a case table, it is only one view of the data. If you delete 9 [Bertelim |Bc o unstable|

the case table, the data are still present—in the collection.
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The Structure of Fathom

Graphs

Fathom also lets you view data graphically. The graph object supports various

Elements Box Plot | § ]

kinds of charts and plots. You tell Fathom what to graph by dragging attribute

names to an axis of the graph. You specify the graph type by choosing from the

menu in the corner of the graph object.

The configuration of attributes determines what kinds of graphs are available.

For example, if you put age on an axis and leave the other axis blank, you can

get a box plot or a histogram, because age is a numeric attribute. But if you
put sex on that same axis, you can’t get a histogram, because sex is categorical.

You get a bar chart instead.

You can also add things such as functions to graphs. Functions can be anything

Elements

Humber
D
o

==]
801 ©°
- Hm -
S —

gas liquid solid unstable

State

Histogram | § ]

you can express with a formula (see “Ubiquitous Formulas” below), as well as

more familiar lines such as least-squares linear regression lines or median-

median lines.

It is frequently possible to place more than one attribute on an axis. In general, 0

Frequency

MeltingPoint 20
10

30
BoilingPoint20
10

0
30

-1000 2000 5000

an attribute dropped in the middle of a graph produces a legend and changes

the color or shape of the plotted points.

In graphs of numeric attributes, you can change the data by dragging (unless the

data are locked). For example, you can drag points in a scatter plot to see how the

dragging affects a least-squares line.

Ubiquitous Formulas

Formulas are everywhere in Fathom. You can use formulas

as filters to tell which cases you want to see. You can also

use them to compute values (including random values) for
attributes. You can use formulas to devise statistical measures
and to plot formulas as functions in graphs.

You write formulas in the formula editor, which appears when
you double-click the place where a formula belongs or when
you choose certain menu items.

The formula editor supports a wide array of functions, from trig
functions to statistical distributions to conditionals such as if()

mean () =1575.21 degreesK |
Formula for Face
Face = randomPick (1, 2,3, 4,5, 6)
| Medium | :]
E rangommper(}eom
randominteger
II"E"EIEI randomblormal
randomPick
EIE"ZI randomPoizzon
i 3 3 P
randomnifarm
EI Str:thsriomlLlniformLaﬂic:e
istical
SRR
count
first .
i i)
last X
[ Cancel ] [ Apply ] [ Ok ]
returns one of the elements (up to

randomPickia, b, ... randomly
).

Example: randomPick("Male", "Male", "Female™) returns "Male" two-

thirdzs of the time.

A4

and switch(). All of the functions are listed in the attribute and function list. Double-
click an item in the list to enter it into the formula pane. You can also enter it by

typing. The formula editor displays the names of functions, attributes, measures, and

6 © 2014 William Finzer
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The Structure of Fathom

units in special colors. If you type an attribute name or function and it remains black,
Fathom does not recognize it (you probably have a typo).

Using the Formula Editor

The precise nature of mathematical formulas makes editing them different from
editing ordinary text. First, certain characters—parentheses, quotes, and absolute-
value signs—must appear in pairs. Fathom always makes the second ofthe pair
when you enter the first. Second, grouping and order of operations requirespecial
editing capabilities. New users of Fathom can use their intuition most of the time,

but there is one new principle they must learn: The effect of some keysdepends on  Before After
what, if anything, is selected when you press them. For example, if a + b, without 2 e a %
parentheses, is selected, and you press (, you get (a + b), with parentheses. If .
you then press * (for multiplication), you get (a + b) *. — 4
(a+h)
In each of the examples at right, the user types /4. @+l 4
Finally, you need to click OK to close the formula editor. But sometimes you want to
see the result of your formula—to see if it’s right—before closing the editor. In that
case, click Apply; this applies your changes but leaves the editor open. You must close
the formula editor before you can go on to do other things.
In most instances, the formula editor is not case sensitive; that is, it doesn’t care
whether you type capital or lowercase letters. But units are an exception.
Measures
An attribute has a separate value for each case in the collection. PR oo | ‘e
A collection can also have measures, and each measure has one 1 4 ol
. . . . 2 B
value for the entire collection. For example, a collection of five dice " ;O Inspect Die Rolls
might have an attribute called face with five separate values. And J | e rrrwne Eeirs
5 4
the collection could have a measure, named total, that applies to total 17 sum ¢faz)

the entire collection. Typically, the measure has a formula, such as
sum( face). You can think of measures as statistics that summarize
your collection, though they can serve other functions as well.

You create measures using the inspector. Double-click a collection
to show the inspector, and go to the Measures panel.

Derived Collections

Some Fathom collections fill with data automatically, according to rules
you specify. These are called derived collections, and there are several kinds.

Fathom Workshop Guide © 2014 William Finzer 7



The Structure of Fathom

The two most important are samples and measures collections. A sample is just what
it sounds like: a collection that is a sample of some other collection, called its source.
Select the source and choose Sample Cases from the Collection menu. The sample
collection appears. Use the inspector to control how many cases it samples and
whether it samples with or without replacement.

Dice Measures from Dice

The measures collection is the key to simulation and analysis.

face total

It converts measures into case attributes so you can record statistics

randomPick (1, 16
20
17
15
20
21

13

(measures) about your collections. (It’s a bit tricky and is best

understood after you've tried it.) Suppose you have a collection

(2.3 [N PO T OO N T}
o 2N w vp|

with five (randomly generated) dice and a measure, or total, that

Nl | s~ |w (N |-

contains their sum. If you collect measures from that source

collection, the measures collection can record the total as a case.
If you tell the measures collection to collect 100 measures, it will
instruct the dice to reroll 100 times, it will compute each total, and it will record
those 100 values.

In addition to sample and measures collections, several other derived collections
come in handy. A scrambled collection reorders the values of one of the source
collection’s attributes, allowing simulations of situations in which the values of two
attributes are guaranteed to be independent. A cells collection is generated from a
summary table and has one case for each cell in the table and one attribute for each
formula. A results collection is like a measures collection except that it treats a
statistical object as the source of its measures.

Sliders

A slider is a named number whose value can be changed through () acceleration =9.70

editing, dragging, or animating. Sliders are commonly used as _ . - .
7 8 9 10 1" 12

parameters to models—for example, as the coefficient of a term in
an equation being fit to a set of data or as the rate at which customers
arrive in a queuing simulation.

Sliders have their own inspector, which gives you control over quite o) Jmapecs Sider

a few properties. Especially powerful is the ability to compute the Property Value

slider’s value with a formula. Unlike other formulas in Fathom, m_;:;f::‘:'_’m 2

slider formulas can refer to the slider itself so that each time the : )

formula recomputes (for example, when the slider animates), the Restrict_to_multiples_of
Reverse_scale falze

value changes based on the previous value. By dropping the name

of a collection on a slider, you can compute things based on the
collection’s attributes and measures.

8 © 2014 William Finzer Fathom Workshop Guide



Activity 1: Printing Paragraphs Exploration

In this workshop, you'll jump directly into a mathematics activity in which you use
Fathom as a tool. You'll see that using the software need not consume time for
teaching the software.

Presenter: To introduce participants to what they need to know for this
activity, show them these two 1-minute movies:

* Entering Data and Making a Graph

* Plotting Functions in a Scatter Plot

THE QUESTION

You will need T The next page has some paragraphs on it. They’re all exactly the same text, but they
er are set in columns of different widths. How does the height of the column depend
on the width?

CONJECTURES

Look at the paragraphs (but don’t measure). Think about how the height and width
of the paragraphs are related. What would a graph of them look like? How would

o centimeter rul

you write that relationship algebraically? If you don’t know exactly, what can you say
about the relationship? Write your conjectures here. Extension: These paragraphs are
set “ragged right”; that is, the right margin isn’t straight. How can you take that into
account in your algebra?

MEASUREMENT

Measure the height and width of the paragraphs to the nearest tenth of a centimeter.
You and your partner will have to decide how to measure height and width. Be as
precise and consistent as you can. Describe what you decide.

COMPARISON

Enter your measurements into Fathom and analyze them. What did you discover?
Do your measurements support your conjectures? Write your observations here.
Be as specific as you can.

Fathom Workshop Guide © 2014 William Finzer 9



Activity 1: Printing Paragraphs Exploration

(continued)

THE SEVEN PARAGRAPHS

Some rational functions can create very different kinds of graphs from those you have studied previously. The graphs
of these functions are often in two or more parts. This is because the denominator, a polynomial function, may be
equal to zero at some point, so the function will be undefined at that point. Sometimes it’s difficult to see the
different parts of the graph because they may be separated by only one missing point, called a hole. At other times,
you will see two parts that look very similar—one part may look like a reflection or rotation of the other part. Or you

might get multiple parts that look totally different from each other.

Some rational functions can create very different kinds of graphs from those you have studied
previously. The graphs of these functions are often in two or more parts. This is because the
denominator, a polynomial function, may be equal to zero at some point, so the function will be
undefined at that point. Sometimes it’s difficult to see the different parts of the graph because they
may be separated by only one missing point, called a hole. At other times, you will see two parts
that look very similar—one part may look like a reflection or rotation of the other part. Or you
might get multiple parts that look totally different from each other.

Some rational functions can create very different kinds of graphs from those you have
studied previously. The graphs of these functions are often in two or more parts. This is
because the denominator, a polynomial function, may be equal to zero at some point, so
the function will be undefined at that point. Sometimes it’s difficult to see the different
parts of the graph because they may be separated by only one missing point, called a
hole. At other times, you will see two parts that look very similar—one part may look
like a reflection or rotation of the other part. Or you might get multiple parts that look
totally different from each other.

Some rational functions
can create very different
kinds of graphs from those
you have studied
previously. The graphs of
these functions are often in
two or more parts. This is
because the denominator, a
polynomial function, may
be equal to zero at some
point, so the function will
be undefined at that point.
Sometimes it’s difficult to
see the different parts of the
graph because they may be
separated by only one
missing point, called a hole.
At other times, you will see
two parts that look very
similar—one part may look
like a reflection or rotation
of the other part. Or you

Some rational functions can create very different kinds of graphs
from those you have studied previously. The graphs of these
functions are often in two or more parts. This is because the
denominator, a polynomial function, may be equal to zero at some
point, so the function will be undefined at that point. Sometimes
it’s difficult to see the different parts of the graph because they may
be separated by only one missing point, called a hole. At other
times, you will see two parts that look very similar—one part may
look like a reflection or rotation of the other part. Or you might get
multiple parts that look totally different from each other.

Some rational functions can create very different kinds
of graphs from those you have studied previously. The
graphs of these functions are often in two or more
parts. This is because the denominator, a polynomial
function, may be equal to zero at some point, so the
function will be undefined at that point. Sometimes
it’s difficult to see the different parts of the graph
because they may be separated by only one missing
point, called a hole. At other times, you will see two
parts that look very similar—one part may look like a
reflection or rotation of the other part. Or you might might get multiple parts
get multiple parts that look totally different from each that look totally different

other. from each other.

from Discovering Advanced Algebra by Murdock, Kamischke, and Kamischke

10 © 2014 William Finzer

Some rational
functions can
create very
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graphs from
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studied
previously. The
graphs of these
functions are
often in two or
more parts. This
is because the
denominator, a
polynomial
function, may be
equal to zero at
some point, so
the function will
be undefined at
that point.
Sometimes it’s
difficult to see the
different parts of
the graph because
they may be
separated by only
one missing
point, called a
hole. At other
times, you will
see two parts that
look very
similar—one part
may look like a
reflection or
rotation of the
other part. Or
you might get
multiple parts
that look totally
different from
each other.
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Presenter Notes for Printing Paragraphs

How you show the movies will depend on the group size and your setup. Remember
that 30 people all playing the movies at slightly different times will make quite a lot
of noise.

It is essential that participants work in pairs so they can help each other past the
rough spots and so they have someone to brainstorm with. As you turn participants
loose on the investigation, urge them to write down their responses in the
conjectures and comparison sections so they’ll have them for discussion. Ask them
to note questions they ask each other and decisions they make.

Inevitably some participants will have completed development of a model long
before others have. Here are some prompts for them:

+ Using Fathom Help, learn about residual plots, and take a look at residuals for
your model.

+ Figure out a way to refine your model so that it produces a better fit. (Usually the
narrowest paragraphs have the greatest residuals.)

Once everyone has a scatter plot but before everyone has a fitted curve, stop

and discuss:

+ What conjectures did you make?

* What measurement decisions did you make?

+ In what ways did your results conform to your conjectures? How did the results

surprise you?

Then demonstrate a movable line model for the data. Demonstrate showing squares
of residuals. Demonstrate residual plots. (Or have a participant do the demonstration,
but with the straight line not a curve!)

Next, turn the participants loose again, with the goal of finding the “best” model for
these data. They should be able to justify their choice of model.

When every group has found a reasonable model, stop and have some participants
demonstrate what they did. Here are some discussion prompts:

+ In what sense have you developed a model for the printing paragraphs situation?
+ What stages were there in the development of your model?

* How much “overhead” was there in learning Fathom in this activity?

+ Based on this one experience, what do you think of the statement: “Students can
learn how to use Fathom as a part of learning mathematics.”?

Fathom Workshop Guide © 2014 William Finzer
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Tutorial 1: Working with U.S. Census Microdata

Fathom provides an interface to data about individuals from 1850 to 2000 who filled

out the long forms of the U.S. census. In this tutorial, you’ll learn how to access that

data and how to make graphs and tables that aid in data exploration.

Presenter: If workshop computers are not connected to the Internet and you still

wish to do this tutorial, discuss with participants what file or files to use and which

sections become irrelevant. Otherwise, allow 10 minutes for the first section.

Accessing Census Microdata
1. From the File menu choose Import | U.S. Census Data.

Two things appear. One is an empty box, a collection -

that you will fill with cases. The other is an inspector Collection 1
for the collection.

In the inspector you’ll choose the people whose census
information you want to look at. The bottom pane of the
inspector describes the data you've asked for. By default, you’ll
get people from the year 2000—their state, age, sex, race, and
marital status.

2. Click Download Data.

- Ingpect Collection 1 x|

. | Display | Categories

Expand this heading to choose
wehich cazes you vwant to impaort.
You can specify a maximum sample
size, choose from one or more of the
decennial census years, from one or
more states or metropolitan areas,
and between importing recards for
individual people or for househaolds,

-- Altributes

1 | »

Cases: 2000; People Cnly
Attributes: Year; State; Age; Sex; Race; Marital status

IPUMS: s Jpums .org.

0 cazes in collection Dowenload Data '

Fathom sends a request to the Minnesota Population Center and, when the

data are ready, downloads them. You'll know Fathom has the data when the

collection fills with gold balls and the number of cases is listed as 500 (see

the bottom-left corner of the inspector).
3. Click the inspector’s Cases tab.

You will see information about one of the 500 people in the
collection. You can move from one case to the next using the arrow
buttons at the bottom-left corner of the inspector.

. Drag a graph from the object shelf, and place it in the document.

iE
[9)] e~

. Drag one of the attribute names from the inspector to either the
vertical or horizontal axis of the graph.

For graphs of categorical attributes with long category names,
you'll find the graphs are more readable with the attribute on
the vertical axis.

6. Take a look at several other attributes. You can reuse the first
graph or make new ones.

12 © 2014 William Finzer

[ ] Ingpect Collection 1 x|

Measures | Comm... |Dis.. | Cat.. | Mic..
Attribute Value | Formula

Census_year (2000
State_FIPS_co...|Florida
Age 26
Sex Female
Race_General [White
Marital_status |Married_ ..

SNEW=

Ep 1/500 Shiow Detsils |
Collection 1 [Barchart| 3]
White:

Black/Negro{]

American Indian or Alaska Native]
Chinese:

Japanese

Other Asian or Pacific Islander:
Other race_ nec{]

Two major races

Race_General

150 300
Frequency of
Race_General
count( )

Fathom Workshop Guide



Tutorial 1: Working with U.S. Census Microdata

Choosing Cases and Attributes

Fathom’s census microdata interface gives you access to a vast amount of data.

It is helpful to approach these data with a question in mind. But to ask reasonable
questions, you need to know more about what cases you can get and what attributes
are available.

7. In the inspector, click the Microdata tab—the rightmost one.

8. Expand the Choosing Cases list.

Cas.. | Mea... | Com..

The subheads under Choosing Cases show you the various limitations you can
place on the cases you bring into the collection.

9. Select Years in the left pane. Cas... Mes...| Com.. | Dis.. | o, iSERN
El- Chaosing Cases [ 2000 |-
o [IRE:D

- betropolitan &) D 1880
eople/Housif|[_] 1870
ample Size || 1980

You can import microdata for each year in the right pane. Selecting

more than one year from this list allows you to compare people from

these years. C L e
. . 11940
10. Select each of the other headings in turn, and look at the [J1sx0 i
choices available. Ejg;g
e A
11. Open the Attributes heading and, under it, the Person heading.
The subheads under Person contain attributes that deal with E - Santle e N [
aspects of an individual person. For example, as shown at right, |~ Year and Lacalion g;z;
[=1- Person

Age, Sex, and Race are Basic attributes. o endNai

Farnily
12. Select each of the subheads in turn, and note the attributes Educaton
orl
available. norme | |
Travel ta wark,
. . . . I H Mther | %
Notice that if you allow the cursor to linger over an attribute, : -
. . . Cas_es: 2000; People COnly )
information about that attribute appears. Atrioutes: Year, State; Age; Sex; Race; Marital status

FD Birt'&PIace

Where the person was born. All years.

Choosing a Question to Explore

Exploring census microdata is most interesting when you have a question you wish
to answer or a conjecture you would like to confirm. We’ll work from a particular
example, but feel free to investigate a question of your own instead.

Suppose we’re interested in how “mobile” people are, that is, how much they move
around. We want to know how that “mobility” has changed over time. There is no
attribute that will answer this question directly. (This is typical in working with
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Tutorial 1: Working with U.S. Census Microdata

census microdata.) We have to use attributes that give us indirect information about
the question. We’ll use Birth Place as an “indicator” of mobility, assuming that the
greater the proportion of people who were not born in the state they currently live
in, the greater the mobility.

As we begin an investigation, it is extremely helpful to document what we’re trying
to do and how we intend to do it.

13. Drag a text box from the shelf, and drop it into the document.
14. In the text box, type a description of the investigation.

Below is an example of what you might write. Some formatting has been done
using the text palette. (Choose Show Text Palette from the Edit menu.)
Jara | - 7 [0 ]

;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;

Question: How has mohilty changed in Florids from 1850 to 20007

Method: Il look at bithplace. Il sssume that if someone is living inthe
state they were born in (Florida) they are less mobile than someone
wwho wvas born in & different state.

Conjecture: Mobilty has generally increased over the last 1350 years
and 50 'l see & decrease in the number of people living in Florids wwho
wyere born there.

15. Use the inspector’s Microdata panel to request cases from Cases: 1650, 1800, 1850, 2000, Flarid, People Only
. . Aftributes: Year, State; Aoe; Se)f: Birth Place
a single state over a range of years. Include Birth Place IPLMS: s s rg

2000 cazes in collection Dowenload Data

as an attribute.

(Here the sample size has been increased to 2000 cases. This is not necessary.)
16. Download the data.

The new data replace the old.

Participant: Stop working. Presenter: Answer questions. Follow the link in the
Microdata panel to www.ipums.org, and discuss it as documentation for the census
microdata. Allow 15 minutes for the next section.

Making a Case Table

So far we’ve been using graphs and inspectors to look at the data. To verify that it’s
possible—and to help you avoid a common problem—Iet’s make a table.

17. Click once on the collection to select it. (When you have it selected, it has a
border around it.)

14 © 2014 William Finzer Fathom Workshop Guide



Tutorial 1: Working with U.S. Census Microdata

18. Choose New | Case Table from the Object menu. JEI= Collection  Window  Help

Collection

The table should have the same name as the collection = Cage Table

and should show the attribute names in the top row. Prinlicata Ohiace - sen - Graph
If the table is empty, you probably did not have the collection s = e
selected. To connect the collection to the table, drag the name of eyt | %L

the collection onto the table.

You can resize a case table just as you would resize any other

object—Dby dragging its edges or corners. Many people resize their

case table to be very large in an attempt to see all the cases. This is usually not a good
idea. Even with a large table, you can rarely see all the data; even if you could, you
would have trouble making sense of them. Worse, a large case table leaves little room
for truly useful objects, especially graphs.

Beginning Fathom users often lose their graphs underneath a large case table. Expert
users, if they have a case table in their document at all, make it wide but short, so it
can serve as a source of attribute names.

Collection 1
Census... | State_FI... Age Sex Birthpla...
1 1850/ Florida 26| Male Georgia
2 1850| Florida 3| Male Florida
|

Recoding an Attribute

It’s time to look at Birth Place. First, notice that the attribute actually got named
Birthplace_General rather than Birth Place. Fathom defers to the names used by the
census microdata server at the Minnesota Population Center, the actual source of
the data.

19. Make a bar chart with Birthplace_General on the vertical axis. Colection 1 Bar Chari[%)
District
Your graph probably looks similar to this one—it is unreadable §
because there are so many values. For our investigation, we only need 6
to know whether a person was born “in state” or “out of state.” E:
20. In the inspector’s Cases panel, click on <new> and type comPodR

200 400 600 800

Where_born to define a new attribute. _ Frequency of
Birthplace_General

[count( ) ]
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Tutorial 1: Working with U.S. Census Microdata

21. Double-click the Formula cell for the
new attribute, and enter the formula shown at
right. Use the following formula editor hints:

* Enter the structured if-statement by typing i £ (. When you type the left
parenthesis, the rest of the structure appears.

+ Enter long attribute names by expanding the Attributes list and double-
clicking the name.

* Move from place to place in the formula expression by pressing the
Tab key.

+ Typing » always produces a pair of double quotes.
22. Click 0K to close the formula editor and accept the formula.

23. Use the new attribute to make the bar chart shown at right.

Looking for Trends with a Ribbon Chart

Now we can get back to the investigation of how the proportion of people born in

the state has changed over time.

24. Make a bar chart of Census_year.

Notice that the years are not in chronological order.

25. Change the order of the years by dragging the label (not the bar) for
the year 2000 to the right.

Callection 1 Bar Chart ;]‘ Callection 1 Bar Chart ;]‘

1200 1200
& 1000 5 & 1000
&00 — 800
00 600
400
200

Freguency of
Census_ye:
Freguehcy o
Census_ye:

2 1900 1530 1950
Ensus_year Census_year
[count 3y | [county |

1830 1900 1330

26. Drag Where_born into the middle of the bar chart.

The bar chart shows the counts of people in each year born in state and out of
state, but we’re more interested in proportions.

16

27. Change the bar chart to a ribbon chart using the pop-up menu in the
upper-right corner of the graph.

© 2014 William Finzer

if ¢ Birthplace_General = State_FIPS_cade) {“'“ state”

"0ut of state”

Collection 1 Bar Charﬂ:'l'

-0

In state  Out of state
Where_born
count( )

Collection 1 Bar Chan}:-,‘

= 1200

5 00
o O
o o

Freguency of
Census_vyeal

2000 1850 1900 1950
Census_year

|count( )

Bat Chart | 5 ]

[w]
o
o
=
=]

=

—=

= 1200

o
=
(=1

Freguency of
Census_yeal
P
[}
(=}

1850 1300 1950 2000
Census_year

counts
Where_born
Oin state B ot of state
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The ribbon chart allows you to directly compare the proportions
from year to year. The ribbon chart for Florida, for example, shows a more
complicated pattern than stated in the initial conjecture.

28. Summarize what you have found in your text object.

.=. Participant: Stop working. Presenter: Answer questions. Probe a bit on
reading the ribbon chart because typically some people will not have

Tutorial 1: Working with U.S. Census Microdata

collection 1 | Risbon Chart [+

40 &0 80 100

20
o Q| ) =
w o 3] o
o m o )
- — - 2]
Census_year
Where_born
O in state EE Out of state

appreciated its usefulness. Demonstrate that Census_year must be special

somehow because it is treated as categorical even though it is purely numeric.

Explain category sets and how without them you can still force an attribute to

behave the way you want it to. Allow 10 minutes for the next section.

Making a Summary Table

As useful as graphical displays are, sometimes we need the numbers.

29. Draga summary table from the shelf.

The summary table is empty because Fathom doesn’t know which attributes

you want to work with.

We'll set up the summary table to mirror the layout of the ribbon chart.

30. Drag Census_year to the summary table and drop it on the
column header cell, as shown at right (or on the right-pointing
arrow). (A black outline appears when you are over a drop area.)

no data

- Drop an attribute here *m
|

By default, for a categorical attribute, the summary table displays the

number of cases in each group. The formula(s) below the table determine

what it shows.

Collection 4
Census_year
1850 1900 | 1950 2000
an| 344 418| 1143
51 = county 3

31.

down-pointing arrow).

Ry
Summary

2000

Drag Where_born to the summary table and drop it on the row header (or the

Collection 1
Census_year R

1550 | 1900 ] 1250 | 2000 |Summary
Ih state FoAM0 A5 37 26

Where_born
i ot of state 29 134 203 775 1174
Column Summary | 90| 344 45| 1143 2000

31 =count{ 3

© 2014 William Finzer 17
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Tutorial 1: Working with U.S. Census Microdata

Now the table displays counts and summaries for the rows and columns, but, again,

we’re more interested in proportions.

32. Double-click the formula for SI to show the formula editor.

In the Special list is a function called columnProportion, which gives the proportion
of total cases in a column that are in a given cell. (It is available only when you are
writing a formula for a summary table.)

33. Create the expression shown at right and click OK. You get
a table that mirrors the ribbon chart.

Collection 1
Census_year R
1850 1900 [ 1950 2000 | Surmmary
In =state 34 E1 21 32 41
Where_born
Ot of state GG 39 43 st} o4
Colurn Summary | 100 100( 100| 100 100

21 = round {1 00columnProportions

Here are a few useful things to know about summary tables. Try out the ones that
interest you.

+ Click in a table cell to select all the cases that correspond to that cell. Shift-click
extends or inverts the selection.

+ To add additional formulas to the table, select the table and choose Add Formula

from the Summary menu. With more than one formula in the table, it is helpful to
click on one formula and see all the corresponding values highlighted in the table.

+ Change which attributes are displayed in the table by dragging attributes to the
top or side column or to the corresponding arrows.

* Replace one attribute with another by dragging an attribute on top of the
attribute you wish to replace.

« To remove an attribute from the table, click once on the attribute and choose
Remove Attribute from the Summary menu.

Going Further

+ Choose another state, and compare the patterns of Where_born for the two states.

+ FEach time you download data, you get a new random sample of the available cases

(unless there are fewer cases available than you have set in the sample size). Of
course, the proportions you get will be somewhat different each time you
download. Explore this variation. Should you question your original conclusion?

18 © 2014 William Finzer
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Tutorial 1: Working with U.S. Census Microdata

+ Make a percentile plot of income and figure out how to read it. Use the plot to
determine the income corresponding to the 80th percentile.

+ Use other attributes to look at mobility. Do they give similar or conflicting results?

+ Think about the influence of having children in the sample. Use Fathom Help
to learn how to filter out the children, and determine whether that changes
your conclusion.

.=. Participant: Stop working. Presenter: Answer questions. Demonstrate the various
kinds of summary tables you can generate, depending on the attribute configuration.
Demonstrate adding a filter to a graph or summary table. Allow participants who
have completed one of the explorations to show the group what they found.

The next activity is taken from Teaching Mathematics with Fathom, the activity book
that comes with Fathom (2005, Key Curriculum Press). This activity is from Chapter 2:
Geometry, but could also be used with algebra, precalculus, or statistics students. The
steps are detailed so that it could be a first activity that students undertake with Fathom.
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Activity 2: Area and Perimeter

EXPERIMENT

20

How are the area and perimeter of a rectangle related? You probably know the
formulas by heart:

Area = Length « Width
Perimeter = 2(Length + Width)

But if you look at data for many different rectangles, would you notice any patterns?
Are there relationships between area and perimeter? You'll use Fathom to explore
these questions.

The first step is to experiment with many different rectangles and gather data. You
could get data by actually drawing or cutting out rectangles and measuring their
lengths and widths, but that would get tiring. Instead, you’ll use Fathom to generate
random numbers for the lengths and widths. Using technology to randomly
generate data for an experiment is one method of doing a simulation.

1. Open a new Fathom document and create a new case table.
2. Make two new attributes, Length and Width.

3. With the case table selected, choose New Cases from the Collection menu. Type
200 in the dialog box and click OK. The cases appear in your table, although
they have no values.

For this activity, you'll assume that the length or width of a rectangle can be between
0 and 10 units.

4. Select the attribute Length and choose Edit Formula from the Edit menu. Type
random (10) in the formula editor and click OK. The Length column fills with
randomly generated numbers. If you want, choose Rerandomize from the
Collection menu to see a different set of random numbers.

Q1 Look at the values of Length. What does the formula random(10) do? What
would random(100) do? How about random()? (Hint: If you aren’t sure, read
about the random function in Fathom Help.)

5. Use the same formula to define Width.
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Activity 2: Area and Perimeter

(continued)

Graph

6. Drag a new empty graph from the object shelf. Drag Length from the case table
to the horizontal axis. You'll see a dot plot; you can change the graph to a
histogram if you like. Make a dot plot or histogram of Width, too.

[ - [
Collection 1 Dot Plct ['s Callection 1 @
15
-:15. —
EM-
. =12
o = 21U-
=] o = o5
(= n] =] =] [ ] [=] =
[nuuiu] (oo R ] [ ] o o [k} E.
QoOoD O D oD 00 DD 00k =
DO OO0 0D 000 CheDuD OO T f= 4.
DD 00D DODODD 000 DD OO0 DD O 1k}
D oD oo Ty ol £ o CBe0 & o2
{200, 00 00 SOTO0 0020000 £ DO e .
012345678910 0 2 4 B & 10 12
Length Width

02 Describe the general “shape” of the graphs of Length and Width. If you want,
rerandomize the data several times to get a better feel for the general shape. Why
do these graphs have this shape?

7. Make another new graph. This time make a scatter plot with Length on one axis
and Width on the other axis. Rerandomize the data a few times.

@3 Describe any patterns in the scatter plot. Why does the scatter plot look the way
it does?

Now that you have data that represent random rectangles, you need to find the
perimeter and area of each. After all, you want to look for relationships between area
and perimeter.

8. Make two new attributes, Area and Perimeter. Define each with a formula that
uses Length and Width.

04 Copy on paper all of the values for the first two cases in your case table. Use
by-hand calculations to verify that your formulas for Area and Perimeter are
correct.

MAKE A CONJECTURE

Fathom Workshop Guide

So far, you've simulated many rectangles by randomly generating length and width,
and you've calculated the area and perimeter. You've looked at graphs that help you
see how length and width are related. Now, let’s see how area and perimeter are
related. But first, predict what you expect to find.
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Activity 2: Area and Perimeter

(continued)

INVESTIGATE

22

05 If you made a scatter plot of Area versus Perimeter, what do you think it would
look like? Make a sketch of what you would expect to see or describe it
thoroughly. Explain why you think it would look that way.

9. In Fathom, actually make the scatter plot of Area versus Perimeter. Put Perimeter
on the horizontal axis and Area on the vertical axis. You might want to
rerandomize a few times to make sure you understand the general relationship.

06 Make a sketch of the actual graph or describe it thoroughly. Did the actual graph
match your prediction? Is there anything about the graph that surprises you?
Explain.

Q7 If everything went well, there should be no points in the upper-left part of

the graph—a region bounded by a curve. Explain why there are no points in

that region.

Now your goal is to figure out the function for that curved boundary. Because
calculating area involves squaring, you might reason that the function is quadratic:
Area = Perimeter’.

10. Select the graph and choose Plot Function from the Graph menu. In the
formula editor, type Perimeter? and click OK.

11. Unfortunately, the curve is too steep. Double-click the function equation at the
bottom of the graph. Change the formula to divide Perimeter? by some number,
such as Perimeter?/3.

08 What equation did you try? What happened to the curve—did it get steeper or
shallower? Do you think the divisor needs to be bigger or smaller than the
number you used?

You can use a slider to try lots of divisors quickly.

12. Drag a new slider from the object shelf. The [p] V1 =500
slider that appears looks like a number line -
with a pointer on it. It’s probably called V1 and 0 2 4 B B 10 12

has a value of 5.
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Activity 2: Area and Perimeter

(continued)

13.

Q9
14.

Q10

Qi1

EXPLORE MORE

1.

Fathom Workshop Guide

Double-click the function equation at the bottom of the graph and change it to
use V1 as the divisor. Now you can control the value of the divisor and change
the function by dragging the slider. You will probably need to change the scale of
the slider. The easiest way is to drag the numbers on the number line.

What value of VI makes the curve fit the boundary the best?

Double-click the collection (the box of gold balls) to show the collection
inspector. Then go to the scatter plot of Area versus Perimeter and click any of
the points nearest to the curved boundary. When you do, that case appears in the
inspector. Do this for several of the points and notice the Length and Width of
each point.

What do the cases near the boundary have in common? Why do all those
rectangles have that relationship? What type of rectangles are they?

Use your observation from Q10 and the formulas for area and perimeter to find
the boundary curve’s function algebraically. Show that it is the same formula you
got by using the slider to fit the curve.

There is another empty zone in the lower-right part of the scatter plot of Area
versus Perimeter. Why are there no points in that region? What is the equation
of that boundary? Why? Use this and your answer to Q11 to completely describe
the relationships between area and perimeter.

. Look at scatter plots of Area versus Length and Perimeter versus Length. Are

there maximum and minimum relationships between these attributes? If so,
find functions for the boundaries and explain why they exist.
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Tutorial 2: Simulation—Polling Voters

In this tutorial, we simulate a population of voters, a certain proportion of whom
will vote in favor of a particular proposition. We’ll investigate the question of how
accurately a random sample of voters can predict the outcome of the election.

In the process, you'll learn how to use a slider to define a population parameter, how
to use the random function, how to define a measure for a collection, and how to
repeatedly collect measures from a collection.

.=. Presenter: Allow 10 minutes for the first section.

Defining the Problem

The city of Freeport has a rent control initiative, Proposition A, on the ballot. The
local newspaper is going to conduct a poll three weeks before the election to gauge
public sentiment. Staff members need to know how big a sample to poll. Your job
is to set up a simulation they can use to determine, for any given sample size, the
accuracy they should expect.

Making a Simulated Sample of Voters

First, we model the population, the people who will vote in the election either for or
against the proposition. This model will consist of a single number—the proportion
of voters who will vote yes.

1. Start with a new, empty Fathom document.

2. From the shelf, drag a new slider into the document.

By default, a slider is named V1. We want the slider to have a
name that fits with the model we’re constructing.

) probyes| = 5.00

3. Double-click the slider’s name, and type probves.

A proportion of voters can only go between 0 and 1, so we need to
adjust the slider scale.

4. Drag the numbers on the slider scale until the scale goes approximately from
0to 1.

5. Set the value of the slider (by dragging its thumb) to around 0.5, simulating a
close election.

The slider models the population. We'll use a collection to model a sample of voters.
6. Drag a collection from the shelf into the document.
The collection will be empty and named Collection 1.

7. Double-click the name below the box. Name the collection Sample of Voters.
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Tutorial 2: Simulation—Polling Voters

We'll start this collection with 100 cases. Later we can investigate other sample sizes.
8. With the collection selected, choose New Cases from the Collection menu.

9. Type 100 in the dialog box, and click OK.

Simulating the Votes
So far, the cases in the collection have no attributes. We want one O Inspect Sample of Voters
attribute, Vote, whose value is either “yes” or “no.” ﬂﬂ?smiﬁjm” |2:rm|u(,::t
10. Double-click the collection. The inspector appears. |
Here you will define an attribute for a vote.
11. Click <new>, type Vote, and press Enter.
12. Double-click the Formula cell in the right column. L A how deele)

The formula editor appears.

You now need to enter a formula that will choose “yes” the percentage of the time
specified in your slider, probYes.

13. Enter the formula shown at right. if (random( ) < probyes) |'Yes”

l r1o||
The random() function, if you don’t give it a minimum and

maximum, generates random numbers from 0 to 1.

14. Close the formula editor by clicking OK.

You should see the value of the Vote attribute in the inspector become either
“yes” or “no.” Scroll through a few more cases by clicking the right arrow in

the lower-left corner of the inspector. Some of the values should be “yes” and
some should be “no.”

Next, make a graph of the votes. A bar chart will show at a glance whether the poll
predicts the proposition will pass or fail.

15. Drag a graph from the shelf.
16. Drag Vote from the inspector to the graph’s horizontal axis.

You should now have the three objects shown at right.

g P‘ probYes = 0.508 Sample of oters | Bar Chart ;!‘
a GO
. . . — 2
17. Choose Rerandomize from the Collection menu. Do this n = 50

. 02 04 06 08 10 T
several times. el
£ 20
. . . . 10
Each time you rerandomize, the bars in the bar chart =4 i
. . na =3
will change, reflecting the results of a new sample. Sample of Voters vote

countd %
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Tutorial 2: Simulation—Polling Voters

Another way to rerandomize is to drag the slider thumb. When the slider value is
near 1, most of the votes will be “yes,” and when the slider value is near 0, most of
the votes will be “no.”

Participant: Stop working. Presenter: Answer questions. Demonstrate use of the
slider’s inspector to set its lower and upper bounds. Allow 15 minutes for the
remaining section of this tutorial.

Defining and Collecting a Measure

18. Adjust the slider to about 0.5 to model a close election.

We’ve been hired to predict the accuracy of a poll conducted with a given sample
size. To figure that out, we want to record the prediction of each poll taken. You do
that with a measure.

19. In the inspector, click the Measures tab.

As yet, no measures have been defined.

20. Click <new> and type proportionOfves for the 0 Inspect sample of Voters
I(:aﬂ_ Commerts | Display | Categories

measure’s name.

Measure Walue Formula
proportionOfYes |0.55 | proportion{¥ote = "yes")

21. Double-click in the Formula cell for proportionOfYes.

SRS

22. Enter the formula proportion (Vote="yes”) as

shown at right.

23. Rerandomize several times, and observe the values for proportionOfYes.

Now we're ready to perform the poll of 100 voters many times, each time recording
the proportion of voters who say they will vote in favor of the proposition.

24. With the collection selected, choose Collect Measures from the ‘:
Collection menu. Measures from Sample of Voters

You should see a new collection, as shown at right.

This collection will contain the results of repeatedly conducting the poll.

25. Double-click the measures collection to show its inspector. Elonyiiiptst Mensicss o Sample of Votery

|cas... | Mea... [Com... |Dis... | Cat... |Collect Measures |
[ arimation on
|:| Replace existing cases

26. Change the number of measures to collect from 5 to 100.

|:| Re-collect measures when source changes

27. Click Collect More Measures. @100 measures

() Urtil condition
Fathom rerandomizes the Sample of Voters collection 100 times,

each time computing a value for proportionOfYes and storing that

Collect More Measures

value in a new case in the measures collection. The green ball

crossing the screen reinforces the idea of a measure being collected.
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Tutorial 2: Simulation—Polling Voters

(To interrupt collecting measures, press the Esc key. Turning animation off speeds
things up considerably.)

Let’s take a look at the results.
28. Make a new graph.
29. Go to the Cases panel in the inspector.
30. Drag proportionOfYes to the horizontal axis of the graph.

- b
31. Choose Histogram from the graph § pop-up mendu. Measures from Sample of Voters|_Histogram :l

=y
o}

Here are some observations you might make about the histogram
of proportionOfYes:

-
N

A0

Frequency of
proportionOfYes

+ The distribution is mound-shaped and reasonably symmetrical.

. . . . . 0.35 0.45 0.55 0.65
+ Itlooks as if the center of the distribution of sample proportions proportionOfYes

1s near 0.5.

The spread of proportions that we get with a sample size of only 100 is quite large.
We certainly couldn’t accurately predict the results of a close election! Just how large
is this spread?

32. Draga summary table from the object shelf.

33. Drag proportionOfYes into the top row of the summary table.

34. Double-click the formula for SI and change it to stdDev () . Measures from Sample of Voters
proportionOfYes |

0.049165751

This will compute the standard deviation of the proportions

S1 =stdDev( )
gathered in the measures collection.

Dependence of Spread on Sample Size

How does the spread of the proportions depend on the sample size? Let’s try a larger
sample size.

35. With the Sample of Voters collection selected, choose New Cases from the
Collection menu. In the dialog box, type 300 and click 0K.

The collection now has 400 cases.
36. Go to the Collect Measures panel in the measures collection inspector.
37. Uncheck Animation on.

38. Check Replace existing cases. (We don’t want the new samples of size 400 to
mix with the old samples of size 100.)

39. Click Collect More Measures to collect 100 measures of 400 cases each.
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Tutorial 2: Simulation—Polling Voters

We expect that the larger the sample, the smaller the variation in the observed
population proportion in favor of Prop A. But how much smaller? What do you find
for the standard deviation of sample proportions with a sample size of 400? What do
you think would be the standard deviation if the sample size were 1600?

You now have a tool to use with the newspaper staff members. You could sit down
with them and try different sample sizes until you find one for which the variability
is less than some desired number of percentage points. (If you need to make a
sample collection with fewer cases, select all the cases, delete them, and then add the
desired number.)

Going Further

+ Determine a sample size such that twice the standard deviation of sample
proportions is about 0.03, or 3%, when probYes is 0.5.

* When we actually conduct a poll, we do not know the true proportion of the
population. (After all, that’s why we’re doing the poll.) Probability theory predicts
that we can expect to capture the true proportion 95% of the time in the range

l —
*1.96 71)( P)
n
where p is the proportion found in the sample and # is the number in the sample.
Try modeling this in Fathom to see how close your simulation comes to theory.

+ We set up this simulation so it is easy to change the population proportion. With
small sample sizes, population proportions near the extremes, that is, near 0 or 1,
are problematic. Investigate why this might be so.

.=. Participant: Stop working. Presenter: Answer questions. Measures from Sample of Voters|. Histogram )
Demonstrate how to gather and display the data shown at right. g 100‘2135
Do this by defining a new measure in the Sample of Voters ‘gg 485——-‘——
collection. Call it n, and give it the formula count(). In the gé = 40030] '
measures collection, uncheck Replace existing cases. Collect £ E‘ 100048§
measures with different sample sizes. Dragn to the vertical axis : e

035 045 055 065
proportionOfYes

of the graph while holding down the Shift key so that n will be
treated as categorical.

Have participants who have done further explorations show what they have found.

The next activity is taken from Chapter 5: Statistics, in Teaching Mathematics with
Fathom. The steps are clear enough that it could be a first activity that students
undertake with Fathom. It builds from a Fathom document that has already been
set up to collect measures.
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Activity 3: Rolling Dice

Sometimes when you sample or collect measures, you don’t know exactly how many

things you want to collect. Instead, you want to sample (or collect) until some

condition is met. In this activity, you will explore the answer to a traditional

question: On the average, how many times do you have to roll a die to get a six?

MAKE A CONJECTURE

Before doing the simulation, think about what you expect to see.

EXPERIMENT

Fathom Workshop Guide

a1

Q2

On average, how many times do you think you have to roll a six-sided die to
get a six?

. Open the document RollingDice.ftm. It should have two collections: Single Die

and Sample of Single Die. Make sure you can see a case table for Sample of
Single Die.

Double-click the Sample of Single Die collection to show the inspector. Click the
Sample tab. The Sample panel should be set to sample two dice, with
replacement.

You want to set up the simulation to roll the die until it shows a six. Click the
Until condition button. The formula editor appears.

Enter an expression that will tell Fathom 'O Inspect Sample of Single Die
when to stop collecting samples: Cas... |Mea...| Com.. | Dis.. | Cate... |Sample|
count (face=6)>0. Click OK to close [] Animation on [ with replacemert

| E Replace exizting cases

the formula editor. Your inspector should B B

look like the one shown here. (2 cases
(W) Urttil concition

Click Sample More Cases repeatedly. ount (s = 6350

Describe what happens to the case table.

Now you will collect the numbers of die | Sammple Mare Cases |
rolls that it takes to get a six. Click the
Measures tab of the inspector.

Make a new measure, numberOfRolls, and give it the formula count(). This will
be the number of cases in the Sample of Single Die collection. Close the
inspector.

Select the Sample of Single Die collection and choose Collect Measures from the
Collection menu. A new measures collection appears, called Measures from
Sample of Single Die.
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Activity 3: Rolling Dice

(continued)

8.

a3

04
10.

Q5

Q6

Q7

EXPLORE MORE

30

1.

Make a case table for the new collection. You will see numberOfRolls for five runs
of the simulation, because Fathom collects five measures by default. Show the
measures collection’s inspector and click the Collect Measures tab. Change the
number of measures from 5 to 10 and check Replace existing cases. Click Collect
More Measures. The simulation runs 10 times, collecting the numbers of rolls in
the Measures from Sample of Single Die collection’s case table.

Make a histogram of numberOfRolls. Describe the graph. Which bar is the
tallest? What is the shape of the graph overall?

. Select the graph and choose Plot Value from the Graph menu. Give it the

formula mean (numberOfRolls). Close the formula editor.
Sketch your graph. Explain in words what the number being plotted means.

Collect measures again, watching the graph. Continue to collect measures to
answer the original question: What is the average number of rolls you need in
order to get a six? Alter the parameters on the Collect Measures panel of the
Measures from Sample of Single Die inspector as you see fit. (Hint: If you decide
to collect a large number of measures, it will speed things up to uncheck the
Animation on box.)

What is your answer for the original question: On the average, how many times
do you have to roll a die to get a six?

Based on the simulation, what do you think is the most likely number of rolls
you need to get a six (that is, the number that happens most frequently)?
Explain. Sketch or refer to a graph if you need to.

Explain how the most likely number of rolls can be different from the average
number of rolls.

The most likely number of rolls is the mode. You know the mean. What's the
median number of rolls you need to get a six?

. Suppose you changed the “middle” collection—the sample collection—to

sample without replacement. What would happen to the mean number of rolls
it would take to get a six?

. On the average, how many rolls does it take to get a five and a six? A five or a six?

Make predictions, then simulate both situations. Which is more likely, a
statement with and in it or the same statement with or in it? Explain your answer
and give examples.
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Tutorial 3: Testing a Hypothesis—Plant Growth

Charles Darwin believed that there were genetic advantages in having two sexes in
both the plant and animal kingdoms. Some time after he wrote Origin of Species, he
performed an experiment in his garden at Down House in Kent. He raised two large
beds of snapdragons, one from cross-pollinated seeds, the other from self-pollinated
seeds. He observed, “To my surprise, the crossed plants when fully grown were plainly
taller and more vigorous than the self-fertilized ones.” This led him to another, more
time-consuming experiment in which he raised pairs of plants, one of each type in
the same pot, and measured the differences in their heights. He had a rather small
sample and was not sure that he could safely conclude that the mean of the
differences was greater than zero. His data for these plants were used by statistical
pioneer R. A. Fisher to illustrate the use of a #-test.

In this tutorial, you'll learn how to perform a t-test for the mean, generate simulated
data from a normal distribution, and get a distribution for the #-statistic.

.=. Presenter: Allow 10 minutes for the first section.

Looking at Darwin’s Data

1. Choose Open Sample Document from the File menu. ‘o DarwinFertiizationExperimert [ Dot Plot [$)
Open Darwin.ftm in the Learning Guide Starters folder. DervwiFetizanBsceriert

DarwinFertilizationE. .

HeightD... 2o 288 soew o

" 80 -60 40 20 0 20 40 B0 0

This document contains the data for the experiment

1
. . . HeightDiffi
described above: 15 cases with 1 attribute. 2 o cgrerenees
3 i L inFertilizationE irnet
ArwInE erilZSH0NEX P erimel
2. Make a case table, a dot plot, and a summary table 4 18 e
5 B
3 : 20933333
similar to those shown here. 5 = Pl
T 25 15
51 =
We see that most of the measurements are greater than 0, 8 all [ s2oeven
9

14 S3 = counti 3

meaning that the cross-pollinated plants grew bigger. But
two of the differences are less than 0. Darwin did not feel
justified in tossing out these two values and was faced with
a very real statistical question.

Formulating a Hypothesis

Darwin’s theory—that cross-pollination produced bigger plants than self-pollination—
predicts that, on average, the difference between the two heights should be greater than
0. On the other hand, it might be that his 15 pairs of plants have a mean difference as
great as they do (21-eighths of an inch) merely by chance. You can write out these two
hypotheses in a text object to be stored with your document.

3. From the shelf, drag a text object into the document.
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Tutorial 3: Testing a Hypothesis—Plant Growth

4. Write the null hypothesis and the alternative hypothesis.

Hull Hypothesis: The true mean difference of

3 heights of plants i . The ok ol iti
At right you can see one way to phrase the hypotheses. heights £ plarts s 2erc. The bhserved postive

Alternative Hypothesis: The true mean
difference is greater than zerao.

Deciding on a Test Statistic

At the time of Darwin’s experiment, there was no good theory to
deal with a small sample from a population whose standard deviation is not known.
It was not until some years later that William Gosset, a student of Karl Pearson,
developed a statistic and determined its distribution. Gosset published his result
under the pseudonym Student and the statistic became known as Student’s £. When
the null hypothesis is that the mean is zero, the #-statistic is simply
X
shn

where X is the observed mean, s is the standard deviation, and # is the number

of observations.

Let’s compute this statistic for Darwin’s data using one of Fathom’s built-in
statistics objects.

5. Drag a test object from the shelf. An empty test appears.

6. From the pop-up menu in the upper-right corner, choose Test Mean.

As shown at right, the test object allows us to type summary From Summary Statistics Test Mean | 4 )
statistics into the blue text. This is very useful when you don’t Adtribute (numeric): unassigned
Attribute; AttributeHame
have raw data. Sample court: 20
Sample mean: 0.5
.. Standard deviation: 1
7. Try editing the blue text. You can, for example, enter the Standard error. 0.223607
.. . Alternative hypothesis: The population mean of
summary statistics for Darwin’s data. AttributeHame is not equal to 0
The test statistic, Student's t, iz 2.236. There are 19
Here are some thil’lgS to notice. degrees of freedom (one less than the zample size).
. . . If it Were true that the population mean of
+ Changing something in one part of the test may affect other AttributeName were equalto 0 (the rul
hypothesiz), and the sampling process were
41 : : performed repeatedly, the probahilty of getting s value
parts. For example, editing the AttributeName field in the M N A ol
. [ . . . at Id be 0.038.
first line also changes it in the hypothesis line and in the greater wadhe

last paragraph.

* In the hypothesis, clicking on the “is not equal to” phrase brings up a pop-up
menu from which you can choose one of three options. For Darwin’s experiment,
we want the third option because his hypothesis is that the true mean difference is
greater than 0. (In statistics terminology, we want this to be a one-tailed, rather
than a two-tailed, test.) Notice that making this change alters the phrasing of the
last line of the test as well.
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Tutorial 3: Testing a Hypothesis—Plant Growth

+ In addition to simple editing of numbers, we can also determine their e i meenct )
. . . ’ is less than
value with a formula. For example, we might want to tie the sample s, Stuserts i o s not equal to

reedam (one g

count to a slider named # so that we could investigate the effect of Is greater than

different sample sizes. To show the formula editor, choose Edit | Edit

Formula with the text cursor in the number whose value you wish to determine.
These computed values display in gray instead of blue. Editing the value itself
deletes the formula.

Participant: Stop working. Presenter: Answer questions. Make sure everyone
understands how to edit the test hypothesis object. Demonstrate using a slider
for a parameter such as the alternative hypothesis mean. Allow 10 minutes for
the next section.

Checking Assumptions

Gosset’s work with the ¢-statistic relied on an assumption about the population
from which measurements would be drawn, namely, that the values in the
population are normally distributed. Is this a reasonable assumption for
Darwin’s data?

Height measurements of living things, both plants and animals, are usually normally
distributed, and so are differences between heights. But we might worry, because the
two negative values give a decidedly skewed appearance to the distribution.

Fathom can help us determine qualitatively whether this amount of skew is unusual.
We'll generate measurements randomly from a normal distribution and compare
the results with the original data.

8. Make a new attribute in the collection. Call it SimDiff for simulated difference.

9. Give SimDiff the formula

randommMormal ( mean (HeightDifferences), s (HeightDifferences))

This formula tells Fathom to generate random values from a normal distribution
whose mean and standard deviation are the same as for Darwin’s data.

We want to compare the distribution of these simulated heights with the distribution of the original
data. We can do that directly in the dot plot that already shows HeightDifferences.

10. Drop SimDiff on the plus sign on the horizontal axis. | e s %%a8 s
4af 60 -40 -20 0 20 40
HeightDifferences

The graph now shows both attributes.

One set of simulated data doesn’t tell the story. We need to look at a bunch.
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Tutorial 3: Testing a Hypothesis—Plant Growth

11. With the graph selected, choose Rerandomize from the
Collection menu.

Each time you rerandomize, you get a new set of 15 values
from a population with the same mean and standard
deviation as the original 15 measurements.

DarwinFettilizationExperiment Dot Plot 3 )

HeightDifferen... | o o %20 000 o

SimDiff ° °

A bit of subjectivity is called for here. Does it appear that the original distribution is

very unusual or does it fit in with the simulated distributions?

Testing the Hypothesis

Once we have decided that the assumption of normality is met,
we can go on to determine whether the #-statistic for Darwin’s
data is large enough to allow us to reject the null hypothesis.

In step 7, we typed the summary values into the test as though
we didn’t have the raw data. But we are in the fortunate position
of having the raw data, so we can ask Fathom to figure out all
the statistics using those data.

12. Drag HeightDifferences from the case table to the top pane
of the test, where it says “Attribute (numeric): unassigned.”

13. If the hypothesis line does not already say “is greater
than,” then choose it from the pop-up menu.

I
Test of DarwinFertiizationExperimert |15t Mean | s l

Aftribute (numeric); HeightDifferences

Attribute: HeightDifferences

Sample court: 15

Sample mean: 20,9333

Standard deviation: 37.7444

Standard error: 9.74556

Alterrative hypothesis: The population mean of
HeightDifferences is greater than 0

The test statistic, Student's t, iz 2.148. There are 14
degrees of freedom (one less than the zample size).

If it wwere true that the population mean of
HeightDifferences were equalto 0 the null
hypothesiz), and the sampling process were
performed repestedly, the probabilty of getting =
walue for Studert's t this great or greater would
he 0.025.

The last paragraph of the test describes the results. If the null hypothesis were true

and the experiment were performed repeatedly, the probability of getting a value for
Student’s ¢ this great or greater would be 0.025. This is a low P-value, so we can safely
reject the null hypothesis and, with Darwin, pursue the theory that cross-pollination

increases a plant’s height compared to self-pollination.

Participant: Stop working. Presenter: Answer questions. Demonstrate the non-verbose
form of the hypothesis test and how to set the verbose/terse preference. Demonstrate how
to hide or iconify objects to free up screen space. Allow 10 minutes for the next section.

Looking at the t-Distribution

It is helpful to be able to visualize the P-value as an area
under a distribution.

14. With the test selected, choose Show Test Statistic
Distribution from the Test menu.
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Tutorial 3: Testing a Hypothesis—Plant Growth

The curve shows the probability density for the #-statistic with 14 degrees of freedom.
The shaded area shows the portion of the area under the curve to the right of the test
statistic for Darwin’s data. The total area under the curve is 1, so the area of the
shaded portion corresponds to the P-value for Darwin’s data.

Going Further

+ What effect do the negative values have on the results? Drag one of the negative
points to the left to make it even more negative. How far can you go before the
P-value increases to 0.05?

+ Darwin had 15 observations to work with. Could he have gotten away with fewer?
Set up a test mean in which you type values into all the parameters of the test
except the number in the sample to which you attach a slider, #, using the formula
round(n). What is the smallest sample size (with the same mean and standard
deviation) that results in a P-value of 0.05 or less?

.=. Participant: Stop working. Presenter: Answer questions. Demonstrate how to
connect a slider to a value in the test object. A good candidate is the value against
which the observed mean of height differences is tested. Have participants show
what they found for further explorations.
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Using Fathom as a Demonstration Tool

Sometimes you don’t have time for students to do a full activity in the computer
lab. You can use Fathom as a demonstration tool in the classroom to dynamically
illustrate mathematical concepts and easily test thought experiments. Here are two
examples of discussions you might have with a class. Work your way through the
instructions for each discussion as though you were preparing to use it tomorrow.

.=. Presenter: Participants should work in pairs for this activity. There should
be enough time for everyone to work through at least one of the interactive
discussions. Instruct some people to start with the first discussion and others
to start with the second. Have a volunteer pair go through each discussion as
if they were teachers preparing to use the material in a lesson the next day.

Discussion 1—Dice Sums Distributions

You are teaching a probability unit. Your objective in this discussion is for students
to be able to describe the frequency distributions for the rolls of a single die and
for the sum of a pair of dice. You also want students to be able to explain why the
distribution for the sum of two dice is “triangular.” Before this discussion students
have (possibly in a math class) rolled dice by hand and gathered data.

Distribution for One Die

Teacher: “Suppose you roll a die a couple hundred times and you record each roll.
Working with a partner, sketch a graph that shows a summary of what you
would expect to get.”

1. Have a few students show and explain their sketch of a graph.

The accuracy of the graphs will strongly depend on students’ prior experience

[Histogram [ 3

with graphing data.
2. Simulate the situation in Fathom, as shown at right. 57 | oot
— allzction 1
Caollection 1
3. Ask students to talk with their partners about the colestion 1 @ 40
ways in which their graph is similar to and different die 3°

20

from the Fathom graph. Rerandomize a couple of

o
Frequency of di

10

| R | R -
=

times to show several different graphs.

Teacher: “Suppose I want to plot a function that shows
where the tops of the histogram bars should be.
What function should I plot?”
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Using Fathom as a Demonstration Tool

4. Take student suggestions, and plot them.

San] e
E a0
Students may not quite get to the correct answer, which is £an W
=10
count ¢ % & (i e
— Frequency of dig = if ¢ {die> 0.5yvand (die< 6.5 g o1 2 3 4 5 6

die

Discussion Questions

1. What is the total area of the gray bars? What is the area of the rectangle
formed by the blue line, the outsides of the first and last bar, and the
horizontal axis?

2. How would this graph change if there were 1000 dice instead of 200?
(Teacher: Demonstrate by adding new cases.)

3. Explain why the graph looks the way it does. Why aren’t some of the bars
much higher than others?
Distribution of Sums for Two Dice

Teacher: “We're going to do this simulation again, but this time we’ll throw two dice
instead of one, and we’ll record the sum of the two dice. Again, work with a
partner to sketch a graph that shows what you expect to get.”

1. Have various students show and explain their sketches.

]

Freguency of sum
— o) () =
[} = [

N

2. In Fathom, add an attribute for a second die and the sum of the two
dice. (It helps to rename the first attribute.) Plot the sum as shown
at right.

Teacher: “Discuss with each other the ways in which your graph is different o2 4 B2
from and similar to the graph that Fathom produced.” Again,
rerandomize to show different graphs.

3. After some whole-group discussion, make the breakdown plot shown Dice E‘Breakdown Plot | +]
at right and ask, “How does this plot help explain the distribution for - %ﬂ g % % % go
the sum?” (To make the breakdown plot, hold down the Shift key when g ° ?éﬁ'a ? ;D % gg 2
you release the attribute on the axis.) . B En 8 ik

wif B 2 m & o=

4. As students discuss the question, click on one bar after another in the A S

die

histogram. They should see that one diagonal lights up in the breakdown
plot for each bar in the histogram. Each cell in the breakdown plot represents
an equally likely roll of the two dice. The height of each bar in the histogram

is proportional to the number of cells in the breakdown plot that correspond
to it.
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Teacher: “What function can I plot on top of the histogram that will best show

its shape?”

5. Students may need time to work on this before you try plotting some e™
I . . B30

of their ideas. One solution is 5
o20

=
— Frequency of sum = count{ 3 6-17- sum| g0

36 £

0024 68101214
sum

Discussion Questions

These questions could be homework. You could also model these situations for
the class.

1. What will the distribution look like if we have 1000 rolls of the dice? How will
it differ from the one with 200 rolls? Will the plotted function still match?
Why or why not?

2. Suppose we used 10-sided dice instead of 6-sided dice. What would the
distribution of sums look like then?

3. Suppose we used three dice instead of just two. What would the distribution
of sums look like?

Discussion 2—Guess and Check

Imagine that you have been using the “guess and check” method in teaching a
beginning algebra class. In this discussion, you'll demonstrate how Fathom can
work as a spreadsheet to ease the burden of calculation and to get from guessing
to an equation to solve.

There is a Fathom sample document, Guess and Check.ftm, that works through this
same problem. Here is the problem:

Melissa’s free throw average is 0.875. If she were given 20 more free throws and
got 13 of them in the basket, her new free throw rate would be 0.860. How many

free throw opportunities has she had so far? ) starting_average = 0.875

f»

« . . 5 . n
Teacher: “There are four numbers in this problem. I'll make a slider for o7 o4 05 08 10

each number. Give me a good name for each slider.” [y odded throws = 20.0

T

1. Make four sliders using names students suggest. Adjust the slider "Ts 15w 25 m

bounds to something appropriate to each. () finclaverage = 0.060

T

‘02 04 08 08 10
, in_basket =13.00

-
specified new free throw rate.” 310 1112 13 14 15 16 17

Teacher: “Make a guess at the answer, and work your way through the _
calculations to check whether her free throw average is the =
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2. After giving students some time to do work on their guesses, take someone’s
work and convert it to attributes in a Fathom collection. (Be sure to use slider
names rather than numbers.) Here is one possibility.

FreeThrows HumGottenSoFar HewFreeThrows HewHumGotten HewAverage
FreeThrows-starting_average [FreeThrows + added_throws |MumGottenSoFar + in_basket | MewMumGotten
Mew FreeThrows

G4 a6 a4 69 0.621429
128 112 1438 125 0644595

3. Ask for a second guess and fill it in as the value of FreeThrows for the second
case. Teacher: “Is this guess correct? If not, is it closer to or farther from the
correct guess than the first guess?”

4. Continue to ask for guesses. Even if you get the “correct” guess, keep asking for
more so that you have six cases or more.

5. Plot the checks versus the guesses, as shown at right. na T
0.54 @
6. Plot the function §3§§ ®
E 078
— M Average = final _average E 076
=074
0724 |
This will appear as a horizontal line. L
1] 100 200 300 400
FreeThrows
Teacher: “Just looking at this graph, how can we determine the answer
to the question?”
Students should conclude that the point that is on the horizontal S a7
line is the one that solves the problem. It helps to zoom in a bit. ::i o s
= 084

Teacher: “What function could we plot that will go through all the points?” = ————r—r——

220 240 260 280 300 32C
FreeThrows

7. Through discussion, arrive at the conclusion that the formula for
NewAverage with the prior expressions substituted so that everything
is in terms of FreeThrows is exactly what is needed.

— MewAverage = FreeThrows-starting_average + in_basket o 095
FreeThrows + added_throws ® na2

E 075

o7

=om

0 100 200 300 400
FreeThrows

8. Drag or animate the final_average slider.

Teacher: “When I drag this slider, what am I changing about the problem? (Melissa’s
new free throw rate) What happens to the ‘answer’ as I decrease Melissa’s final
average? (Melissa has started with fewer free throws.) Where is that answer on
the graph? (at the intersection of the curve and the horizontal line)”
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Using Fathom as a Demonstration Tool

9. We want NewAverage to be final_average, so we have

FreeThrows-starting_average + in_basket
FreeThrows + added_throws

final_sverage =

Teacher: “Solve this equation for FreeThrows. Plug in the numbers, and see what
you get for an answer. Does it fit what we got by zooming into the graph?”

10. Make a summary table, and use it as a calculator, as shown no deta :
Drap an attribute here

at right. 280

= added_throws-final _average — in_bazket
starting_average - final _average

Teacher: “Now we have a ‘complete’ solution to the original problem
that will work for any values of the four numbers (often called
parameters). Do you think there is always a solution?”

11. Choose one of the sliders and vary its value to see if there is always a solution.
Discuss situations in which a number of throws or baskets is a noninteger.
Discuss situations in which the answer is negative or infinite.

Discussion Questions

1. Often, the hard part of solving an algebra word problem is writing the
equation that describes the situation. How does the guess-and-check method
attempt to help with this?

2. What use is there in defining sliders for the numbers in the original problem?

3. Do you think there might be problems that can only be solved by guess and
check; that is, problems that do not have an equation that can be solved?
(Yes, there are!)

.=. Presenter: Have participants discuss things to consider when using Fathom as a
demonstration tool. What are some advantages? Obstacles? What other tools might
you use for this, and how is Fathom different? What are some other topics that
would benefit from dynamic demonstration?
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Fathom Demo Documents

The activities and tutorials in this guide introduce you to a small portion of what
you can do with Fathom. Fathom comes with more than 300 sample documents.
About 100 of these use techniques in Fathom; in other words, they are more than
data. A tour through these sample documents is a fairly quick way to get an idea of
the capabilities and possibilities for using Fathom in teaching math and statistics.

Here are just a few of the documents you might want to look at. To open a
sample document, choose Open Sample Document from the File menu. To browse
descriptions of all the sample documents, open Fathom Help and look in the
Sample Documents section.

ScreenSaver.ftm: This document has a kind of parametric plot. Animate the sliders to
make interesting Lissajous figures. This could be an inspiration for student projects.
Look in Mathematics | Algebra.

TexasCounties.ftm: This document shows how to use an open collection to display
meaningful information—in this case, median values of homes in the counties of
Texas. Look in Social Science | United States.

Normal.ftm: The collection in this document has 100 numbers from a normal
distribution whose mean and standard deviation are determined by sliders. A
histogram with a normal distribution curve overlay and a normal quantile plot
allow you to gain some insight into randomness and normal distributions. Look
in Statistics | Distributions.

DerivativeDef.ftm: This document graphically illustrates the definition of a derivative.
Look in Mathematics | Calculus.

Compoundinterest.ftm: This is a slider-parameterized model of compound interest
based on initial investment, interest rate, periods per year, and payment per period.
It comes with questions for students to investigate, but it also can be used (without
the text object) as a demonstration document. Look in Mathematics | Algebra.

Random Triangle.ftm: This is a simulation of breaking a stick in two places and
determining if they can make a triangle. The plot of segment lengths shows an
interesting pattern. Look in Mathematics | Geometry.

CentralLimitTheorem.ftm: This document gives you a population that is nonnormal and
the ability to sample from it and observe the sampling distribution’s approach to
normal as the sample size increases. Look in Statistics | Sampling.
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Sample Activities

Teaching Mathematics with Fathom, which comes with Fathom, contains 25 activities
for using Fathom in teaching mathematics and statistics. We’ve included a few of
these activities here to help show how Fathom can illuminate concepts and pose
worthwhile challenges. The activity notes for one activity are also included.

You can open any files required for the activities by navigating to the Teaching Math
with Fathom folder within the Sample Documents folder.

Mammals’ Brains: In this Algebra 1 activity, students uses ratios and one-variable
graphs to answer the question, “Which mammal has the largest brain?” Activity
notes are included.

Sequence of Squares: This open-ended activity could be used in Algebra 1 or
Geometry. Students look for a pattern in the differences of squares and then verify
their conjectures.

Moore’s Law: In this Algebra 2 activity, students fit a curve to data about the power
of computers. They use residuals to judge their fit.

Jupiter’s Moons: In this Precalculus-level activity, students use sliders to adjust the
phase of a periodic function and determine its equation.

Creating Error: In this Statistics activity, students study how error and scale affect
making a model for data and the accuracy of that model.
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Mammals’ Brains

In this activity, you'll study the brain sizes of 62 mammals. You'll use Fathom to find
the mammals with the largest and smallest brains. You'll see that your answers
depend on how you define “largest” and “smallest.”

MAKE A CONJECTURE

Before looking at the data, think about what you expect to see.

Q1 Assume that you could weigh the brains of the African elephant, mountain
beaver, human, and rat. Predict their order from largest to smallest brain, based

on brain weight. Explain your reasoning.

02 Assume that you could weigh these mammals’ bodies, too. Would the four body
weights go in the same order as the brain weights?

03 Assume that you calculate the ratio of brain weight to body weight for these
four mammals. Predict their order from largest to smallest brain, based on

brain-to-body ratio. Explain your reasoning.

INVESTIGATE

Now you’ll use Fathom to look at the actual data.

L ="s | 1. Open the document Mammals.ftm. A box of gold balls appears. This is a
— collection. It stores the data.
Mammals
2. Double-click the collection. The collection = —
L/ Inspect Mammals

inspector opens. Click the Cases tab to show , . _
P p Whﬂea... |Cnm... | Diz... | Cat... [Imp...
the data about one mammal. Each mammal i : : :

. . . Attribute Value | Formula
is a case. Each piece of data, such as Species, Snties || Donksy ]
BodyWeight, or BrainWeight, is an attribute. BodyWeight | 1571 k_g‘i.
Use the arrows at the bottom to browse BrainWeight 419 g
through the cases. Hondreami... [
. . . . . Dreamings... |
04 Find the brain weight (with units) of a TotalSleep 31h
human. LifeSpan 40y
05 Find the body weight (with units) of a rat. e 365 dl
Predation a
A case table is a good way to look at all of the Exposure 5 &
Danger 5 _'j

data at once.

14152 [Show Detats '

3. Select the collection by clicking it. Choose
New | Case Table from the Object menu.
A table appears that shows all of the data.
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Mammals’ Brains
(continued)

Graph

44

06 Which mammal has the brain that weighs the most? The least? (Hint: You can
order the data by selecting an attribute’s column and choosing Sort Ascending
or Sort Descending from the Table menu.)

Q7 List the African elephant, mountain beaver, human, and rat in order from largest
brain weight to smallest brain weight.

08 List these four mammals in order from largest body weight to smallest body
weight. Is this the same order as for their brain weights?

Graphs are another convenient way to look at the data.

4. Drag a new graph from the object shelf into your document. An empty graph

appears.

5. Drag the attribute name BodyWeight from the
case table to the graph. Drop the attribute below é’{_

. . . o =]
the horizontal axis to create a dot plot. Point the | PSEESe 0 0%
cursor at one dot to see that body weight in the 0 2000 401
lower-left corner of the Fathom window. Click the BodyWeight
Tree shrew (104 q)

dot to highlight the case everywhere and show
that case in the inspector.

6. Make another dot plot of BrainWeight.
Q9 Using a dot plot, find the mammal whose brain weighs the most.

Q10 Are you able to use a dot plot to find the mammal whose brain weighs the least?
Explain how you found it, or explain why you couldn’t.

Q11 Do the brain weights of all 62 mammals go in the same order as their body
weights? Explain how you found your answer, and compare this answer to your

answer for Q8. What do the results mean?

7. Select the dot plot of BrainWeight. Use the pop-up menu in the upper-right
corner to change to a histogram. A histogram shows the number (or frequency)
of values that fall in certain intervals (or bins). Put your cursor over one of the
bars to see the frequency of cases in that bin. Click a bar to highlight all of those
cases everywhere.

@12 Which mammals have a brain weight between 500 g and 1000 g?

You've found the mammals that have the largest and smallest brains, based on brain
weight. Does that mean they have the largest and smallest brains for their overall size?
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Mammals’ Brains
(continued)

Q13

By hand or with a calculator, find the ratio of brain weight to body weight for
the mountain beaver. What are the units of your ratio? What are some equivalent
ways to write your ratio?

Next you'll create an attribute that finds each mammal’s brain-to-body ratio.

8.

Q14

Q15

Q16

Q17

10.

Q18
Q19

Fathom Workshop Guide

In the case table, scroll to the far right. Click <new> in the last column,
type BrainToBody, and press Enter. An empty column appears.

Select the BrainToBody column and choose Edit .
(U Formula for BrainToBody

Formula from the Edit menu. The formula editor

opens. Type BrainWeight /BodyWeight i BrainWEight
and click OK. The ratios appear. _targe |+] |BodyWeight
In the case table, find the brain-to-body ratio (with units) for the mountain

beaver. Is this one of the answers you got for Q13?

Which mammal has the largest brain for its overall size? The smallest? What
are the ratios? Are these the mammals with the brains that weigh the most and
the least?

List the African elephant, mountain beaver, human, and rat in order from largest
brain-to-body ratio to smallest brain-to-body ratio. Is this the same order that
you predicted in Q3?

The order in Q16 should not be the same as the order in Q7. What does it mean
about the sizes of these mammals’ brains compared to the sizes of their bodies?

Make a graph of BrainToBody and change it to a box plot. A box plot shows how
the data values divide into fourths (or quartiles). The upper and lower segments
(or whiskers) each represent one-fourth of the values, and each half of the box
represents one-fourth of the values. The vertical segment in the middle of the
box is the median, and the distance between the ends of the box is the
interquartile range.

Do more mammals have brain-to-body ratios above 0.01 or below 0.01?

Approximate the median and interquartile range for a mammal’s
brain-to-body ratio.
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Mammals’ Brains

(continued)
A summary table is a more precise way to find numerical statistics.
: 11. Drag a new summary table from the object shelf into your document. Drop the
S% attribute BrainToBody in the row or column of the summary table. The mean
LMty

appears automatically.

12. Select the summary table and choose Add Five-Number Summary from the
Summary menu. The five number summary is added to the summary table.

13. Choose Add Formula from the Summary menu. Type igr () and press Enter.
The interquartile range is added to the summary table. You may have to resize
the table to see all the formulas. If you click a formula, its value will be
highlighted in the table.

020 What are the median and interquartile range? Round your answers to four
decimal places.

021 What is a typical value for a mammal’s brain-to-body ratio? Explain how you
chose your answer.

EXPLORE MORE

1. Create a new attribute that gives each mammal’s brain weight as a percentage
of its body weight. What formula did you use? How do the brain-to-body
percentages compare to the brain-to-body ratios? How does a graph of the
percentages compare to a graph of the ratios? Does this make sense
mathematically?

2. From the data that you have, discuss whether brain weight would be a good way
to judge intelligence. Would brain-to-body ratio be better?
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Activity Notes

MAMMALS’ BRAINS (PAGE 43)

Activity Time: 30-50 minutes
Required Document: Mammals.ftm
Fathom Prerequisites: Students should be able to

+ Start Fathom

+ Open a document
Fathom Skills: Students will learn how to

+ Work with case tables

+ Define an attribute with a formula

+ Create graphs (dot plots, histograms, box plots)
+ Select cases in a case table or graph

+ Create a summary table of basic statistics

Mathematics Prerequisites: Students should be able to
calculate the ratio of two quantities and find the median of
a data set.

Mathematics Skills: Students will learn how to use one-
variable graphs (dot plots, histograms, and box plots) to
find particular values (such as greatest, least, and median)
and use ratios to compare quantities. Optional: Students
will explore bivariate data (see Extensions 3 and 5).

General Notes: At first, the mathematics in this activity
may seem relatively simple—to identify particular values
in a data set and to calculate ratios. However, you may be
surprised that many students don’t fully understand the
need for ratios when comparing quantities of unequal
size. For example, when a student looks only at the brain
weights, she might say, “The African elephant has the
largest brain.” However, it’s unfair to judge a mammal’s
brain size without considering the overall size of the
mammal. When the same student looks at the ratios of
brain weights to body weights, she may revise the conclu-
sion to “The African elephant has the smallest brain.”

The idea that the same data set can give two entirely
different results is a subtle, yet important, aspect of this
activity. The catch is to fully understand the definitions of
“largest” and “smallest.” Absolute brain weight and the
ratio of brain weight to body weight are both acceptable
ways to define brain size, albeit the latter is arguably more
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meaningful. Seeing firsthand that the same data can be
“manipulated” to give different conclusions will help
students be careful and critical when they run across data
in the media.

While comparing attributes and calculating ratios, Algebra 1
students will also get valuable practice in dimensional
analysis. In the activity proper, students need to convert
between grams and kilograms and understand what it
means for a ratio to have no units. If you use Extension 2,
students can also get exposure to derived units.

This activity is designed to be an easy first-time intro-
duction to Fathom. The step-by-step worksheet leads
students through many Fathom fundamentals, such as
what an attribute is, how to create a case table, and how
to make a graph. In order to save room, the activity does
not give specific instructions for starting Fathom or
opening a document; most students will have enough
computer experience to accomplish these tasks without
explicit instructions.

Although written primarily for Algebra 1, this activity can
be successfully used for Algebra 2, Precalculus, or Statistics.
First, if you have never used Fathom in these upper-level
classes, you may want to use this activity as a gentle intro-
duction to the software. Second, the concept of “largest”
brain naturally leads to the question of intelligence, and the
scientific study of animal intelligence provides an excellent
opportunity for curve fitting and data transformation (see
Extension 5).

MAKE A CONJECTURE

Q1 Possible answer: elephant, human, beaver, rat.
Students might pick this order based on relative size
of the mammals.

Q2 Possible answer: yes

Q3 Possible answer: human, elephant, rat, beaver.
Students might pick this order by assuming that more
intelligent mammals have larger brains compared to
their overall body size.
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INVESTIGATE
Q4 1320 g

Q5 0.28 kg. Note: Students will notice that the collection

inspector and/or case table has some blank cells. This
means that data were not available. Encourage
students to leave these cells blank and to avoid the
temptation to fill in meaningless data, such as zeros.

Q6 Most: African elephant, 5712 g; least: lesser short-

tailed shrew, 0.14 g

Q7 African elephant, human, mountain beaver, rat

Q8 African elephant, human, mountain beaver, rat. Yes,

this is the same order as for brain weights.

Q9 Students should use the dot farthest right in the graph

of BrainWeight: African elephant, 5172 g.

Mammals | Dot Plot | 3 l

{=l=ls)
Bona,
o e

T 2 T T T T T T |D T T o T
0oo 2000 3000 4000 S000  &000
BrainWeight [grams)

© {2990000pgE0Re000gI00000, 000

Q10 Because the dots are so densely clustered at 0 g, some

48

students may have trouble picking out the least value.
Other students may discover ways to adjust the axes and
be able to zoom in enough to find the least value. The
least value is still 0.14 g, the lesser short-tailed shrew.

Note: Even with the densely clustered dots, some
students may be lucky enough to click at the bottom
of the first stack of dots and find the lesser short-
tailed shrew. This may lead them to erroneously
believe that the stacks of dots always go least to
greatest from bottom to top. This is not always the
case. Actually, the dots are stacked relative to the
cases’ order in the case table. Students who find the
lesser short-tailed shrew at the bottom of the stack
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probably used Sort Ascending when answering Q6.
As a counterexample, if students had last used Sort
Descending, the lesser short-tailed shrew would have
been at the top of the first stack of dots.

Q11 No, not all of the brain weights go in the same order

as the body weights. For example, the third largest
body weight belongs to the giraffe, which has the
fourth largest brain weight, while the third largest
brain weight belongs to the human, which has the
thirteenth largest body weight.

Students could answer this by clicking dots in reverse
order in the dot plot of BodyWeight and noticing that
the dots in the dot plot of BrainWeight are not in the
same order. Students could also sort the case table by
BrainWeight, and then by BodyWeight, and notice that
the species do not stay in the same order.

This means that some mammals have proportionately
larger or smaller brains for their overall size. The
brain-to-body ratios (coming up in steps 8—11) will
account for brain size relative to the overall size of

the mammal.

Q12 Giraffe (680 g) and horse (655 g). Students will

probably click the bar between 500 and 1000, and
see which cases are highlighted in the case table.

0 1000 2000 3000 4000 S000
BrainWeight (grams)

<]
500 <= BrainWeight {grams) < 1000; 2 cases

Note: If your students have formally learned about
histograms, you should point out that the bin is
officially 500 = x < 1000, which does not include
the upper bound.

Q13 Possible answers: 6 g/kg, 0.006 g/g, 0.006 kg/kg, or

0.006 (no units). All four of these ratios are equiv-
alent. Because both measurements are weights, it is
best to convert to the same units (either grams or
kilograms) before finding the ratio, and then write
the ratio 0.006 without units.
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Activity Notes

Q14 0.006; technically there are no units. Note: For stu-
dents who could find only the ratio 6 g/kg for Q13,
you should explain how Fathom performs unit
conversions on compatible units, resulting in a value
that has no units.

Q15 Largest: ground squirrel, 0.0396; smallest: African
elephant, 0.00086. No, these are not the mammals
that had the brains that weigh the most and least; in
fact, the African elephant is now on the opposite end
of the spectrum.

Q16 Human, rat, mountain beaver, African elephant. This
may not be the same order predicted in Q3.

Q17 It means, for example, that the human’s brain is
proportionately larger than the brains of the other
mammals.

Q18 More mammals have brain-to-body ratios below 0.01.

In the box plot, the median value falls below 0.01, so
more than 50% of the mammals have brain-to-body
ratios below 0.01.

Students could also create a histogram and adjust the
bin widths to show that 41 cases have brain-to-body
ratios below 0.01.

Mammals

[ Box Pict | #]

0.000 0.010 0.020 0.030 0.040
BrainToBody
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hammals
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Frequency of BrainToB ody
— - [ [l (5] (1] =
o h O h O h O

th

0.000 o010 0020 0030 0.04c

BrainToBody
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0 <= EBrainToBody < 0.01000: 41 cases

Q19 Possible answers: median: 0.0065; interquartile range:
0.0105

Q20 Median: 0.0066; interquartile range: 0.0108

Mamtmals
0.0096242136
0.00035543102
0.0030557143
BrainToBody 00066105564
0.013342482
0.03960396
0.0107567 65
51 = mean{
S2=miné 3
S3=01( 3
S4 = median{ )
S3=03(
SE = maxé 3
S¥=igr¢ 3

Q21 Any answer with a reasonable explanation is accept-
able. Some students might use the median or mean
exactly as calculated in the summary table; they might
try combining a measure of center with a measure of
spread to give a range of values; they might use the
distribution in a dot plot to make a subjective answer
based on where the dots cluster; or they might use a
histogram and pick out bins that have more values
than others (essentially the mode). Some students
may not give a value at all, preferring to argue that the
data have so much spread that it is meaningless to
state a “typical” value.

© 2014 William Finzer 49



Activity Notes

EXPLORE MORE

1. The formula for brain-to-body percentage is

100(BrainWeight/ Body Weight). Students should
notice that the only difference between these values
and the brain-to-body ratios is that the decimal point
is moved two places to the right. Even the graphs will
look the same except the axes will differ by a factor of
100. Students should realize that this makes mathe-
matical sense because they’ve only multiplied the
brain-to-body ratios by 100.

. Students might say that neither brain weight nor

brain-to-body ratio is a good way to judge intel-
ligence. To support their answers, students might
point to the position of “intelligent mammals” (such
as human and chimpanzee) relative to less intelligent
mammals. For example, if we use brain weight as a
judge of intelligence, both species of elephants are
more intelligent than humans, and the chimpanzee is
on about the same level as a donkey. Using brain-to-
body ratio as a judge of intelligence makes the ground
squirrel the most intelligent mammal and there are
seven other mammals more intelligent than humans.

EXTENSIONS

50

1. When making the box plot of BrainToBody, students

will notice that two points appear at the end of the
right whisker. Discuss why these two points may be
excluded from the rest of the whisker. You may want
to introduce the term outlier.

For students who have already learned about outliers
and different methods of calculating outliers, ask
them to verify that these two points surpass the
criterion median + 1.5 IQR.

. The data used in this activity come from a classic

study of the sleep habits of 62 mammals (originally
published in the article “Sleep in Mammals: Ecological
and Constitutional Correlates” by Allison Truett and
Domenic V. Cicchetti (1976), Science, November 12,
vol. 194, pp. 732-734). Although the activity proper
examines only brain weight and body weight, there are
rich connections between the other attributes as well.

Have students explore ratios of other attributes for
these mammals, such as dreaming sleep to total
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sleep, length of gestation to life span, or brain weight
to length of gestation. Use the ratios to phrase and
answer questions such as “Which mammal dreams
the most?” or “Which mammal spends relatively the
most time developing in the womb?”

Note: Depending on the attributes chosen, students
may encounter situations when Fathom will create a
“derived unit.” For example, when comparing brain
weight to length of gestation, the units (grams and
days) cannot be converted into compatible units.
Instead, the attribute BrainToGestation has the unit
grams per day.

. To extend this activity beyond one-variable statistics,

have students make scatter plots for pairs of attri-
butes, such as BrainWeight versus BodyWeight.

| Scatter Plat | 4 !

=}

Mammals
G000+

5000 1
4000 1

3000 1

2000 1

10004 [

o] &

0 2000 4000 g000
BodyWeight (kilograms)

BrainWeight [grams)

Some bivariate graphs show clear relationships; this
one, in particular, implies that as body weight in-
creases, brain weight also tends to increase. Students
can try fitting a line or any other function to the
graph. (See Extension 5 for an exponential function
that models this relationship.) LifeSpan versus
Gestation, TotalSleep versus Gestation, and any
combination of the three sleep attributes also provide
graphs that have recognizable patterns.

As a further extension, students could try comparing
some of the categorical attributes (Predation, Exposure,
and Danger) with the numerical attributes or with
each other. They can find an explanation of these
attributes by double-clicking the collection to show
the inspector and then clicking the Comments tab.
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4. Some students may be interested in researching the
study of intelligence in different species and writing a
short paper on the mathematics used in this field of
science. Two key words that students should research
are allometry (the study of the growth of one part of
an organism in relation to the growth of the whole
organism) and encephalization (the amount of brain
mass relative to body size).

Students will learn that some scientists use exponential
functions to estimate brain weight as a function of body
weight. Then the encephalization quotient—the ratio of
actual brain weight to estimated brain weight for an

animal of that size—is used to judge relative intelligence.

Animals that have an actual brain weight greater than
the estimated brain weight (an encephalization quotient
greater than 1) are considered more intelligent.

Students may also run across competing theories
on intelligence, such as judging intelligence based
on the number of neurons in the brain rather than

on brain size.

5. Students in Algebra 2, Precalculus, or Statistics can

perform log-log transformations to find an exponen-
tial model for predicting brain weight as a function
of body weight. As mentioned in Extension 4, some
scientists use exponential functions to calculate the
ratio of actual brain weight to expected brain weight
(the encephalization quotient), which is an indicator
of relative intelligence.

First, create the attributes logBody and logBrain and
create a scatter plot. (Note: Before taking logarithms,
change the units for both BodyWeight and BrainWeight
to grams or kilograms.) Use a least-squares line on the
transformed data and work backward to derive an
exponential function that fits the original data. Below,
logBrain versus logBody is modeled by the least-
squares line logBrain = 0.752 logBody — 1.3. This
converts to the exponential function BrainWeight =
0.05 BodyWeight%7>2. (Note: In order to get
appropriate units, enter the function as

BrainWeight = 0.05 scalar (BodyWeight)?-752 g
Mammals’ Brains, Extension 5
Matmmals
}-5-24 Species BodyWe... | logBody |BrainWe...| logBrain EstBrain EQ
Mammalz | units grams grams orams
_ Hurman £2000 o 479239 13200 312057 200.539 ¢ B.57242
2 |Rhesus monkey G300 o 3.83251 1794 225285 35108 g 4 9717
3 |Baboon 10550 g 402325 1795 g 225408 53.022 g 3.385349
4 | oyl monkey 480 o 2653124 1550 1.19033 519115 g 2 88585
5 |Chimpanzee 52160 g 471734 440 g 2 E4345 176.363 o 249455
6 | Ground sguirrel 101 o 2.00432 4q 0.E0206 1 B0775 o 248794
T |Patas monkey 10000 g 4 1154 20607 509296 o 225502
—
Matmimals | Scatter Plot |3 | Mammats | Soatter Plot |5 ] Mammals | Dot Flot 15 |
_ G000 R 401 |
)
E 5000 4 30
= 40004 =
= E 2.0 2
& 30004 -] =
T = 1.0 o0
= 2000 1 =2 o
- [=]=a ]
- 1000 o.a =2
— QOIo 0 O
@ 04 1.0 Ia\:\a:‘nmml 2 oo - -

— Brairteight = 005 zcalar [Bodyweight] ®7 g
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Activity Notes
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The function scalar removes the units from BodyWeight

during the calculation, and then “g” reapplies grams.
Otherwise, the units would be g7°2.)

The same exponential function is used to define an
attribute (EstBrain) that calculates the estimated brain
weights, and then another attribute (EQ) calculates
the encephalization quotient. Notice that EQ puts the
mammals in an order that most people (and many
scientists) find reasonable, with humans as the most
intelligent, followed by many of the primates. (See
bottom of previous page.)
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Sequence of Squares

In this activity you'll explore the square numbers:

1 4 9 16 25

You’'ll use mental math to recognize a relationship between these numbers and then
use Fathom to confirm or refute your conjecture.

MAKE A CONJECTURE

INVESTIGATE

Without using Fathom or a calculator, look for a relationship between each square
number and the one that follows it. Think about ways to use words, numbers, or
algebra to make the conjecture as general as possible.

Q1 What is the relationship between any pair of square numbers? Be as specific as
you can.

Now use Fathom to test your conjecture. Make a collection in which one attribute
contains the square numbers and another computes the relationship you predicted.
Use any attributes or formulas that you want. In case you are stuck, here are some
functions that you can research in Fathom Help: caselndex, prev, next. You can also
choose New Cases from the Collection menu to add cases.

02 List the formulas that you used and describe what happened.

Look at your results in Fathom and compare them to your original conjecture. Use
the next questions to help summarize your findings.

@3 Did your calculations match your conjecture? If not, explain why and write a
revised conjecture.

04 Did your calculations reveal any other patterns in the sequence? If so, explain.

EXPLORE MORE

Fathom Workshop Guide

One of the problems with exploring data is that you don’t know if your conjecture
is always true. Even if your Fathom document has 5000 cases that show your
conjecture to be true, you don’t know for sure about case 5001. Make a convincing
explanation (verbal, algebraic, or geometric) telling why your conjecture is true for
all square numbers.
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Moore’s Law

INVESTIGATE

54

Gordon Moore (b. 1929) is cofounder and past chief executive officer (CEO) of Intel
Corporation, a company known for making computer central processing units

(CPUs). In 1965, three years before founding Intel, Moore made a famous

observation that computer processors would get more powerful exponentially. The
press called his observation “Moore’s Law,” and different variations of it have been

stated ever since.

One way to measure a CPU’s power is to count the number of transistors on it. In

this activity, you'll look at data about Intel’s processors. You'll test Moore’s Law by

using an exponential function to model the data, determine how frequently the

number of transistors doubles, and predict the future of CPUs.

a1

Q2

. Open the document MooresLaw2004.ftm. You'll see a collection and case table.

There is one case for each major Intel CPU from 1970 to 2004. The attributes tell
you the name of the CPU, the year it was introduced, the number of transistors,
and the number of years since 1970. (Note: The year 1970 was chosen as the
nearest multiple of 10 before the year of the first Intel processor.)

. Make a scatter plot of Transistors versus Sincel970.

Sketch the graph and describe its shape in one or two sentences. What
mathematical curve does the graph resemble? What does that mean about
the number of transistors over time?

. Moore’s original observation was that “complexity . . . has increased at a rate

of roughly a factor of two per year.” If you assume that “complexity” can be
measured by number of transistors, you get the function Transistors = 251970,
Plot this function on your graph.

Describe how well the function fits the scatter plot. How could you transform
the function to make it fit the data better?

. Make sliders and use them as parameters to transform the function Transistors =

28incel970 Try any transformations that you think are necessary—translations,
dilations, or reflections. Adjust your sliders to get the best fit possible. (Hint: You
may want to zoom in to check your fit. Select the graph. Hold down Ctrl (Win)
Option (Mac) and click in the graph. Hold down Shift as well to zoom out.)
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Moore’s Law
(continued)

@3 List the sliders and transformations that you tried. Which ones helped you
get the best fit? Are they the same transformations that you predicted in
question Q27

04 Add the curve to your sketch in Q1. Record the final function, inserting the
values of the sliders where necessary.

05 According to your function, how many years does it take for the number of
transistors to double? That is, what is the doubling time?

5. Move the cursor over the graph of your function. The arrow cursor changes to a
red point. Click and drag to trace the graph with the red point. Notice that the
coordinates appear beside the point and in the bottom-left corner of the Fathom
window. This gives you a way to approximate how many transistors a CPU
would have in future years, according to your function model.

06 Approximately how many transistors would a CPU have in 20052 In 2010?

A residual is the vertical distance between your function and an actual data point. A
residual plot shows all of the residuals and helps you judge how well the function fits.

6. Sele.ct the graph and choose Make oore's Lo [ Scatter Pt [4)
Residual Plot from the Graph menu. 140000000 ]
A d 1 1 t b 1 120000000
residual plot appears below your 2 100000000
original graph. % ©0000000+
& gooonoon |
7. Adjust your sliders and watch how = 23323323
the residual plot changes as the o
function’s fit changes. 05 10 15 20 25 30 35
Since1970
Q7 What happens to a residual when the z BDDUDDE oo o 00 o u 4
function passes through the original geoo0000y | * e
. o 5 10 15 20 23 30 33
data point? What happens when the Sineel1970

function doesn’t pass through the
data point? What happens to the residual when the fit gets better? Gets worse?

08 Which data points in your original graph have the most problematic residuals?
Why did you pick these points?

Q9 Use your sliders to find the best residual plot. Record this new function, inserting
the values of the sliders where necessary. How does it compare to your function
in Q4?
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Moore’s Law
(continued)

Q10 According to your function, was Gordon Moore correct to observe that

Q11

EXPLORE MORE

56

computer processors get more “complex” exponentially? Was he correct that
the complexity doubles each year? How would you state Moore’s Law based
on your function?

What do you think about using your Moore’s Law function to make predictions
for the future? Do you think transistors will continue to increase at the same
exponential rate? Why or why not?

. Research any new Intel processors that have been released since the Pentium 4.

Compare the processor’s actual number of transistors to the number of
transistors that your function predicts for that year of release. How well did
your model work?

. You may have learned about logarithms. Create a new attribute that takes the

logarithm of Transistors, and make a scatter plot of logTransistors versus
Sincel970. Describe what happens and find a function to fit this new graph. How
can you use this new graph to predict values for the future? How can you use the
equation of the function of fit to get something like the exponential function
you used before?
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Jupiter’s Moons

INVESTIGATE

Fathom Workshop Guide

Astronomers have been able to model many parts of the universe to accurately
predict where planets, stars, comets, and moons will be at any time. In this activity,
you’ll look at data about one of Jupiter’s four largest moons and estimate how long
it will take for the moon to complete one full revolution around the planet.

If you look at one of Jupiter’s moons from night to night, it seems to be swinging
back and forth. It’s really going around the planet, of course, but you’re seeing the
moon’s orbit edge-on.

—O—

Seen from Earth

Seen from the top

If you record the distance of the moon from Jupiter—positive to the west, negative
to the east—as a function of time, you get a wavy curve. You will find the period of

this curve.

“«—>
one period

1. Open the document JupiterMoons.ftm. You should see a case table with
ten attributes.

The attribute mjd stands for Modified Julian Date in decimal days. (The Modified
Julian Date measures days since November 17, 1858.) The attributes for the four
moons, lo, Europa, Ganymede, and Callisto, give the distance of the moon from
Jupiter as seen from Earth, measured in arc seconds (1 arc second = Tloo degree).
Positive distances are to the west; negative distances are to the east.
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Jupiter’s Moons
(continued)

2. Choose one of the moons to use Jupter's Moons fm
in this activity. You'll be able to
experiment with the other 2001 ® s e o -
moons later. Create a graph of 1|:u:|: :D : .
the distance of the moon you g °e L.
chose as a function of myjd. 5 0 %.0 s o
Examine the table to understand .. . "
why the initial points in the 180 S %
graph are tightly clustered . ® 1 s e
together. ATSAo A e R

01 What specific kind of periodic e

function does this graph appear to be? Estimate the period of the graph.
Now you'll attempt to find a function to model this graph.
3. Create a new slider called period.
The phase of a periodic function is how far a function is into its current cycle.

4. In the case table, create a new attribute called phase. Enter a formula for phase
that calculates the phase of the function using your slider for the period. (Hint:
You want to find the time since the function has completed its last cycle. Use the
floor function to help you find the number of whole cycles completed.)

02 What formula did you come up with?

5. Make a new graph that plots the distance of your moon as a function of phase.

[
Jupiter's Moons Scatter Plot | 3 !

250 ]
2001 | ge .
1501 8 e =
1007 | o . . "
§_ 50{ & o 2
S o o -
Z . )
.50 i )
-100 s e %K
150 ; s H o
200 | e® @ = ee
T T
phase

03 Adjust the period slider. Describe what you see in the graph. What period
seems to best fit the data for your moon? How did you choose that period?
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Jupiter’s Moons
(continued)

Fathom Workshop Guide

The mjd values are so large that any changes in the estimate for the period lead to a
large change in the calculation of the phase.

6. Add a new attribute, newjd. Edit the formula for this attribute to be
mjd — 51544.

04 What date does the number 51544 correspond to in your model?
7. Edit the phase formula to use newjd instead of mjd.

8. Adjust the period slider until the points line up and show just a single cycle. (You
may have to rescale the graph axes to see the complete cycle.) Try to be as
accurate as possible by shortening the range of values for the slider. Do this by
double-clicking on the slider axis and changing the lower and upper values. You
will probably want to adjust the slider several times as you get more and more
accurate.

05 What value of period to three decimal places makes the points in the graph line
up? How accurate do you think your estimate is?

You now have an estimate for the period. But your data cover only a few cycles. Next
you'll test your estimate by using data from several months later.

9. Add these data to your case table.

Date | Modified Julian Date | Io | Europa | Ganymede | Callisto
July 1 51726.0 27.28 | —26.23 | —239.64 | —196.76
July 2 51727.0 14.45| —152.89 —83.11 —34.57

10. Select the new points by holding down the Shift key as you click on the case
number for each new point in your case table. The points should be highlighted
red in the second graph.

11. Now adjust the value of period to make the two highlighted points in the phase
graph fit the curve.

@6 Does your estimate for period change due to adding the new points? If so, what
is your new estimate and why do you think it changed? Which estimate do you
think is more accurate?

Now you’ll create a function that models the data. You already know the period of
the function (although the true period requires a bit of manipulation of the period
you've already found). You’'ll need to come up with values for amplitude and phase
displacement and decide whether to use the sine or cosine function.
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Jupiter’s Moons
(continued)

12. Use your graphs to make an estimate for the amplitude of the function.
Try using the max and min functions of Fathom to create a formula for
the amplitude.

Q7 State the formula and the value you found. Explain why this is a good starting
point for estimation, but probably isn’t the actual amplitude of the function.

13. Before you can find the phase displacement, you need to decide which function
to use. Although you can use either sine or cosine, one may be easier than
the other. Once you have chosen which function to use, estimate the phase
displacement by inspecting the graph. (Hint: When you click on a point on the
graph, the coordinates of the point are shown in the bottom-left corner
of the Fathom window. Think of points that may be helpful in estimating
the displacement.)

14. You may need to adjust the amplitude and phase displacement, because
they are only estimates. To help with adjustment, create two sliders—
amplitude and displacement.

15. Now you have all the information for the equation. Click on the phase graph
and then choose Plot Function from the Graph menu. Enter a function for the
graph, using amplitude, displacement, and period as constants in your equation.
Adjust the sliders to improve your model.

08 State the function that best matched your data. Could you write a different
function that would model the data equally well? Explain.

EXPLORE MORE

1. Plot your function on the first graph you created, replacing phase with mjd. Does
the graph fit the data? Explain.

2. Predict the position of the moon you chose at midnight on your birthday in
2006. Remember to convert to the New Modified Julian Date.

3. Compare your findings with those of other members of the class. Compare your
graphs. Which planet has the longest orbital period? Can you determine which
moon is closest to Jupiter? Which moon is farthest away?
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Creating Error

In this activity, you will look at how errors affect the way you interpret linear
fits to data.

EXPERIMENT

1. Open a new Fathom document. Drag a new case table from the shelf and add
100 new cases.

2. Create two attributes—cause and effect—with these formulas: For cause, use
randomNormal (100, 10). For effect, use cause.

3. Make a scatter plot of effect as a function of cause, and show the least-squares
linear regression line.

Q1 What is the slope of the least-squares line? What is the value of r2? Is this what
you would expect?

You have set up a very simple situation. Now let’s make it more complicated. So
far, effect has been perfectly related to cause. Now you’ll add error to effect and see
what happens.

4. Make a slider and name it SD (for standard deviation).
5. Make a new attribute, error, and give it the formula randomNormal(0, SD).

6. Now change the formula for effect to cause + error. This adds a random,
normally distributed amount to cause. That random amount has a mean of 0
and a standard deviation of SD, in this case, 5.

02 Adjust the slider. What happens when SD is near 0?

Q3 As SD gets larger, what happens to 2, the square of the correlation coefficient?
As SD gets larger, what happens to the slope of the least-squares line? (You can
increase the scale of SD by dragging on the axis.) Explain why this happens.

7. Sometimes we get cause and effect mixed up. Make a second scatter plot.
Put effect on the horizontal axis and cause on the vertical axis. Add a
least-squares line.

Q4 Move the slider some more. What happens to the slope and the correlation
coefficient in the new graph? Explain why the slope and the correlation
coefficient behave differently in the other scatter plot.
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Creating Error
(continued)

INVESTIGATE

So far you've been looking at basically linear data. Now you’ll explore how

measurement error can obscure the true shapes of functions. You will also see

why residual plots are useful.

8.

10.

11.

Q5

caselndex
100 - Give

will not appear—it just lets you

Make two new attributes, time and value. Give time the formula ==
value the formula time?. (Type time”2. The »
type the exponent.)

. Make a graph of value as a function of time. The graph you see should be

familiar: It’s the y = x? parabola between 0 and 1. It looks curved, obviously
curved—for the moment. Now you will try to fit a line to it.

With the graph selected, choose Least-Squares Line from the Graph menu. A
line appears.

Choose Make Residual Plot from the Graph menu. This shows how far each of
the points in the first graph is, vertically, from the line. You may want to stretch
the graph vertically to make more room for the residual plot.

Describe what is happening in the function and in the residual plot between
time = 0 and time = 0.5. Explain why this happens.

Right now, everything is nice and smooth. To shake things up, you’ll add

randomness as you did with the line.

12. Double-click the SD slider near the collection 1 [ Scatter Plot [ &1
axis and change its axis to go from 0 1] .
to 1.2. Set the slider to about 1.00. 3 o
= o
13. Now edit the formula o 21 bo® ° °e "mp ®
for value. Change it to = 'W
. ) o o
time? + randomNormal(0, SD). U1 : S:q_-.nqﬁnm .;.':'dg:' & g
) 11 o%8 o 0l
14. The graph will change, and many o ? DDd;'D e
points will be out of range. Choose ———————————
Scatter Plot again from the pop-up 000z o4 tilil-i-luae e 1o 12
menu to rescale the graph. = H
_g 2: % D 2o |:F'
If everything has gone according to E g 5% .:,,:, .
plan, you probably see that the graph 0n 02 04 06 03 10 12

seems to increase somewhat, but that
you can no longer tell that it’s curved. The

time
— valug = 1 24time - 019, 2 = 0095

randomness is so great that the curve is
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Creating Error
(continued)

overwhelmed. You can confirm this by looking at the residual plot. It looks flat and
random. That is the sign that the model—the straight line—is a good model for
your data.

Yet you know that the “real” data are curved. The question you will explore is: How
much randomness can that curved model take before it no longer looks curved?

15. Adjust the SD slider to near 0 and rescale the graph.
@6 What do you notice about the original graph? What about the residual plot?
16. Gradually increase the slider, rescaling the graph as necessary.

Q7 What is the smallest value of SD that makes the residual plot look flat and
random?

17. Now repeatedly choose Rerandomize from the Collection menu. (This makes
Fathom reassign all the error values.)

08 What changes in the graph when you rerandomize? Does the graph generally
appear curved—or flat and random?

18. Readjust the slider, repeatedly rerandomizing, to find the largest value for SD
you can use and still see the curvature in the residual plot most of the time.

@9 What value did you find for SD in step 18?

EXPLORE MORE

Fathom Workshop Guide

1. Leave SD at the critical value you found in step 18. Add 10 to the formula for
caselndex

time, so itis 10 + (T)' Sketch the new graph (including the residual plot)
and explain why it looks so different.

2. Change the formula for time so that the positions of the points are random
within the interval [0, 1] instead of evenly spaced. What formula did you use?
Does that make any difference in the amount of error you can put in and still
detect the curvature?

3. Change the number of cases (by adding and deleting them) without changing
the range of time values. Does that make any difference in the amount of error
you can put in and still detect the curvature?

4. If you're trying to detect an effect (for example, curvature), you have a better
chance if your measurements have less error. This activity helped quantify the
amount of error you can have and still detect the effect. Give some suggestions as
to how you can improve your chance of detecting an effect if you're looking for
one that’s right on the edge of detectability.
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Data are everywhere!
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